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Preface 



The subject referred to as dynamics is usually taken to mean the study of the kinematics and 
kinetics of particles, rigid bodies and deformable solids. When applied to fluids it is referred 
to as fluid dynamics or hydrodynamics or aerodynamics and is not covered in this book. 

The object of this book is to form a bridge between elementary dynamics and advanced 
specialist applications in engineering. Our aim is to incorporate the terminology and nota- 
tion used in various disciplines such as road vehicle stability, aircraft stability and robotics. 
Any one of these topics is worthy of a complete textbook but we shall concentrate on the 
fundamental principles so that engineering dynamics can be seen as a whole. 

Chapter 1 is a reappraisal of Newtonian principles to ensure that definitions and symbols 
are all carefully defined. Chapters 2 and 3 expand into so-called analytical dynamics typi- 
fied by the methods of Lagrange and by Hamilton’s principle. 

Chapter 4 deals with rigid body dynamics to include gyroscopic phenomena and the sta- 
bility of spinning bodies. 

Chapter 5 discusses four types of vehicle: satellites, rockets, aircraft and cars. Each of 
these highlights different asp>ects of dynamics. 

Chapter 6 covers the fundamentals of the dynamics of one-dimensional continuous 
media. We restrict our discussion to wave propagation in homogeneous, isentropic, linearly 
elastic solids as this is adequate to show the differences in technique when compared with 
rigid body dynamics. The methods are best suited to the study of impact and other transient 
phenomena. The chapter ends with a treatment of strain wave propagation in helical springs. 
Much of this material has hitherto not been published. 

Chapter 7 extends the study into three dimensions and discusses the types of wave that 
can exist within the medium and on its surface. Reflection and refraction are also covered. 
Exact solutions only exist for a limited number of cases. The majority of engineering prob- 
lems are best solved by the use of finite element and finite difference methods; these are out- 
side the terms of reference of this book. 

Chapter 8 forges a link between conventional dynamics and the highly specialized and 
distinctive approach used in robotics. The Denavit— Hartenberg system is studied as an 
extension to the kinematics already encountered. 

Chapter 9 is a brief excursion into the special theory of relativity mainly to define the 
boundaries of Newtonian dynamics and also to reappraise the fimdamental definitions. A 
practical application of the theory is found in the use of the Doppler effect in light propa- 
gation. This forms the basis of velocity measuring equipment which is in regular use. 
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There are three appendices. The first is a summary of tensor and matrix algebra. The sec- 
ond concerns analytical dynamics and is included to embrace some methods which are less 
well known than the classical Lagrangian dynamics and Hamilton’s principle. One such 
approach is that known as the Gibbs-Appell method. The third demonstrates the use 
of curvilinear co-ordinates with particular reference to vector analysis and second-order 
tensors. 

As we have already mentioned, almost every topic covered could well be expanded into 
a complete text. Many such texts exist and a few of them are listed in the Bibliography 
which, in turn, leads to a more comprehensive list of references. 

The important subject of vibration is not dealt with specifically but methods by which the 
equations of motion can be set up are demonstrated. The fundamentals of vibration and con- 
trol are covered in our earlier book The Principles of Engineering Mechanics, 2nd edn, pub- 
lished by Edward Arnold in 1994. 

The author and publisher would like to thank Briiel and Kjaer for information on the 
Laser Velocity Transducer and SP Tyres UK Limited for data on tyre cornering forces. 

It is with much personal sadness that I have to inform the reader that my co-author, friend 
and colleague, Trevor Nettleton, became seriously ill during the early stages of the prepara- 
tion of this book. He died prematurely of a brain tumour some nine months later. Clearly his 
involvement in this book is far less than it would have been; I have tried to minimize this 
loss. 

Ron Harrison 
January 1997 
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1 

Newtonian Mechanics 



1.1 Introduction 

The purpose of this chapter is to review briefly the assumptions and principles underlying 
Newtonian mechanics in a form that is generally accepted today. Much of the material to be 
presented is covered in more elementary texts (Harrison and Nettleton 1994) but in view of 
the importance of having clear definitions of the terms used in dynamics all such terms will 
be reviewed. 

Many of the terms used in mechanics are used in everyday speech so that misconceptions 
can easily arise. The concept of force is one that causes misunderstanding even among those 
with some knowledge of mechanics. The question as to whether force is the servant or the 
master of mechanics often , lies at the root of any difficulties. We shall consider force to 
be a useful servant employed to provide conununication between the various aspects of 
physics. The newer ideas of relativity and quantum mechanics demand that all definitions 
are reappraised; however, our definitions in Newtonian mechanics must be precise so that 
any modification required will be apparent. Any new theory must give the same results, 
to within experimental accuracy, as the Newtonian theory when dealing with macro- 
scopic bodies moving at speeds which are slow relative to that of light. This is because 
the degree of confidence in Newtonian mechanics is of a very high order based on 
centuries of experiment. 

1 .2 Fundamentals 

The earliest recorded writings on the subject of mechanics are those of Aristotle and 
Archimedes some two thousand years ago. Although some knowledge of the principles of 
levers was known then there was no clear concept of dynamics. The main problem was that 
it was firmly held that the natural state of a body was that of rest and therefore any motion 
required the intervention of some agency at all times. It was not until the sixteenth century 
that it was suggested that straight line steady motion might be a natural state as well as rest. 
The accmate measurement of the motion of the planets by Tycho Brahe led Kepler to enun- 
ciate his three laws of planetary motion in the early part of the seventeenth century. Galileo 
added another important contribution to the development of dynamics by describing the 
motion of projectiles, correctly defining acceleration. Galileo was also responsible for the 
specification of inertia, which is a body’s natural resistance to a change velocity and is asso- 
ciated with its mass. 
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Newton acknowledged the contributions of Kepler and Galileo and added two more 
axioms before stating the laws of motion. One was to propose that earthly objects obeyed 
the same laws as did the Moon and the planets and, consequently, accepted the notion of 
action at a distance without the need to specify a medium or the manner in which the force 
was transmitted. 

The first law states 

a body shall continue in a state of rest or of uniform motion in a straight line unless 
impressed upon by a force. 

This repeats Galileo’s idea of the natural state of a body and defines the nature of force. 
The question of the frame of reference is now raised. To clarify the situation we shall regard 
force to be the action of one body upon another. Thus an isolated body will move in a 
straight line at constant speed relative to an inertial fi:ame of reference. This statement could 
be regarded as defining an inertial frame; more discussion occurs later. 

The second law is 

the rate of change of momentum is proportional to the impressed force and takes place 
in the same direction as the force. 

This defines the magnitude of a force in terms of the time rate of change of the product 
of mass and velocity. We need to assume that mass is some measure of the amount of 
matter in a body and is to-be regarded as constant. 

The first two laws ^e more in the form of definitions but the third law which states that 

to every action (force) there is an equal and opposite reaction (force) 

is a law which can be tested experimentally. 

Newton’s law of gravity states that 

the gravitational force of attraction between two bodies, one of mass m, and one of 
mass mj, separated by a distance d, is proportional to m|m 2 /d^ and lies along the line 
joining the two centres. 

This assumes that action at a distance is instantaneous and independent of any motion. 
Newton showed that by choosing a frame of reference centred on the Sun and not rotat- 
ing with respect to the distant stars his laws correlated to a high degree of accuracy with the 
observations of Tycho Brahe and to the laws deduced by Kepler. This set of axes can be 
regarded as an inertial set. According to Galileo any frame moving at a constant speed rel- 
ative to an inertial set of axes with no relative rotation is itself an inertial set. 

1.3 Space and time 

Space and time in Newtonian mechanics are independent of each other. Space is three 
dimensional and Euclidean so that relative positions have unique descriptions which are 
independent of the position and motion of the observer. Although the actual numbers 
describing the location of a point will depend on the observer, the separation between two 
points and the angle between two lines will not. Since time is regarded as absolute the time 
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between two events will not be affected by the position or motion of the observer. This last 
assumption is challenged by Einstein’s special theory of relativity. 

The unit of length in SI units is the metre and is currently defined in terms of the wave- 
length of radiation of the krypton-86 atom. An earlier definition was the distance between 
two marks on a standard bar. 

The unit of time is the second and this is defined in terms of the frequency of radiation of 
the caesium- 133 atom. The alternative definition is as a given fraction of the tropical year 
1900, known as ephemeris time, and is based on a solar day of 24 hours. 
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The unit of mass is the kilogram and is defined by comparison with the international proto- 
type of the kilogram. We need to look closer at the ways of comparing masses, and we also 
need to look at the possibility of there being three types of mass. 

From Newton’s second law we have that force is proportional to the product of mass and 
acceleration; this form of mass is known as inertial mass. From Newton’s law of gravitation 
we have that force on body A due to the gravitational attraction of body B is proportional to 
the mass of A times the mass of B and inversely proportional to the square of their separa- 
tion. The gravitational field is being produced by B so the mass of B can be regarded as an 
active mass whereas body A is reacting to the field and its mass can be regarded as passive. 
By Newton’s third law the force that B exerts on A is equal and opposite to the force that A 
exerts on B, and therefore from the symmetry the active mass of A must equal the passive 
mass of A. 

Let inertial mass be denoted by m and gravitational mass by p. Then the force on mass A 
due to B is 



^AJB ~ 






( 1 . 1 ) 



where G is the universal gravitational constant and d is the separation. By Newton’s second 
law 



^A/B = T ('"aVa) = 

at 

where v is velocity and a is acceleration. 

Equating the expressions for force in equations (1.1) and (1.2) gives 
the acceleration of A 



( 1 . 2 ) 



, = 1 ^ / ^ 

^ mA\ d^f m ^ 



(1.3) 



where g = G[i^/d^ is the gravitational field strength due to B. If the mass of B is assumed to be 
large compared with that of body A and also of a third body C, as seen in Fig. 1 . 1 , we can write 



_ Ik / _ Ik 

me \ d^ j m 



(1.4) 



on the assumption that, even though A is close to C, the mutual attraction between A and C 
in negligible compared with the effect of B. 

If body A is made of a different material than body C and if the measured free fall accel- 
eration of body A is found to be the same as that of body C it follows that = ii^/mc- 
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More sophisticated experiments have been devised to detect any change in the ratio of 
inertial to gravitational mass but to date no measurable variation has been found. It is now 
assumed that this ratio is constant, so by suitable choice of imits the inertial mass can be 
made equal to the gravitational mass. 

The mass of a body can be evaluated by comparison with the standard mass. This can 
be done either by comparing their weights in a sensibly constant gravitational field or, in 
principle, by the results of a collision experiment. If two bodies, as shown in Fig. 1.2, are 
in colinear impact then, owing to Newton’s third law, the momentum gained by one body 
is equal to that lost by the other. Consider two bodies A and B having masses ttia and 
initially moving at speeds and Ug, > «b- After collision their speeds are and 
Vg. Therefore, equating the loss of momentum of A to the gain in momentum of B we 
obtain 



(«A - Va) = (vb - «b) (1-5) 



B^ore 


Ua 

^ 


U, 

► 


impact 
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velocities 


(Ti 




After 

impact 




o 







*■ >■ 



V, 



Fig. 1.2 
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so that 



"«A Vb - Ub 

Thus if the mass of A is known then the mass of B can be calculated. 

1.5 Force 

We shall formally define force to be 

the action of one body upon another which, if acting alone, would cause an accelera- 
tion measured in an inertial frame of reference. 

This definition excludes terms such as inertia force which are to be regarded as fictitious 
forces. When non-inertial axes are used (discussed in later chapters) then it is convenient to 
introduce fictitious forces such as Coriolis force and centrifugal force to maintain thereby a 
Newtonian form to the equations of motion. 

If experiments are conducted in a lift cage which has a constant acceleration it is, for a 
small region of space, practically impossible to tell whether the lift is accelerating or the 
local value of the strength of the gravity field has changed. This argument led Einstein to 
postulate the principle of equivalence which states that 

all local, freely falling, non-rotating laboratories are fully equivalent for the perfor- 
mance of all physical experiments. 

This forms the basis of the general theory of relativity but in Newtonian mechanics freely 
falling frames will be considered to be accelerating frames and therefore non-inertial. 

1.6 Work and power 

We have now accepted space, time and mass as the fundamental quantities and defined force 
in terms of these tfeee. We also tacitly assumed the definitions of velocity and acceleration. 
That is, 

velocity is the time rate of change of position and acceleration is the time rate of 
change of velocity. 

Since position is a vector quantity and time is a scalar it follows that velocity and accelera- 
tion are also vectors. By the definition of force it also is a vector. 

Work is formally defined as 

the product of a constant force and the distance moved, in the direction of the force, 
by the particle on which the force acts. 

If F is a variable force and ds is the displacement of the particle then the work done is the 
integral of the scalar product as below 

W = /F-ds 



(1.7) 
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Typical misuse of the definition of work is the case of a wheel rolling without slip. The tan- 
gential force at the contact point of the rim of the wheel and the groimd does not do any work 
because the particle on the wheel at the contact point does not move in the direction of the 
force but normal to it. As the wheel rolls the point of application of the force moves along the 
grotmd but no work is done. If sliding takes place the work definition cannot be applied 
because the particle motion at the contact point is complex, a stick/slip situation occurring 
between the two surfaces. Also the heat which is generated may be passing in either direction. 

Power is simply the rate of doing work. 



1.7 Kinematics of a point 

The position of a point relative to the origin is represented by the free vector r. This is rep- 
resented by the product of the scalar magnitude, r, and a unit vector e 



r = re 


(1.8) 


Velocity is by definition 




dr dr de 




v = — = — e + r — 
dt dt dr 


(1.9) 



The change in a imit vector is due only to a change in direction since by definition its 
magnitude is a constant unity. From Fig. 1.3 it is seen that the magnitude of de is l-d0 and 
is in a direction normal to e. The angle d0 can be represented by a vector normal to both e 
and de. 

It is important to know that finite angles are not vector quantities since they do not obey 
the parallelogram law of vector addition. This is easily demonstrated by rotating a box 
about orthogonal axes and then altering the order of rotation. 

Non-vectorial addition takes place if the axes are fixed or if the axes are attached to the 
box. A full discussion of this point is to be found in the chapter on robot dynamics. 

The change in the unit vector can be expressed by a vector product thus 

de = d0xe (1.10) 

Dividing by the time increment dt 
de 

— = <axe (1.11) 

dt 



z 




X 



Fig. 1 J 
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where <o = d6/dr is the angular velocity of the unit vector e. Thus we may write v = r= re 
+ r(to X e) = re + (0 X r. It is convenient to write this equation as 



dr dr 

v = — = — + o>Xr 
dt dt 


(1.12) 


where the partial differentiation is the rate of change of r as seen from the moving axes. The 
form of equation (1.12) is applicable to any vector V expressed in terms of moving co- 
ordinates, so 


dV dV 

= + (0 X 

dr dt 


(1.13) 


Acceleration is by definition 




dv 




a — — — V 

dr 




and by using equation (1.13) 




dv 

fl = — + CO X V 
dt 


(1.14) 


Using equation (1.12) 




dv dr ^ ^ 

a - — + wx— + G>x(oXr) 
dt dt 


(1.14a) 


In Cartesian co-ordinates 




Here the unit vectors, see Fig. 1.4, are fixed in direction so differentiation is simple 


r = xi + yj + zk 


(1.15) 


V = xi + yj + zk 


(1.16) 


and 




a = xi + yj + zk 


(1.17) 




Fig. 1.4 Cartesian co-ordinates 
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In cylindrical co-ordinates 
From Fig. 1.5 we see that 
r = Re/t +zk 
and 

to= Qk 

so, using equation (1.12), 

V = (i?eR + zk) + on X (Rei^ + zk) 

= + zk + RBCf, 

= Re^ + RQe^ + zk 
DiflFerentiating once again 

a = Reg + RdCf, + Rde,, + zAr + <a x v 

= Rcg + R^g + RdCg + zk + Q(Reg — RQeg) 
= (R- Re^)eg + (Rd + 2RB)eg + zk 




Fig. 1.5 Cylindrical co-ordinates 



In spherical co-ordinates 
From Fig. 1.6 we see that eo has three components 
CO = 0sin Q er~ 0e« + Ocos 0 

Now 

r = re^ 

Therefore 

V = re^ + <0 X r 

= re^ + are^ + Ocosoree 
= re^ + r6cos 0 09 + na 



(1.18) 



(1.19) 



( 1 . 20 ) 



( 1 . 21 ) 



( 1 . 22 ) 
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Fig. 1.6 Spherical co-ordinates 



Differentiating again 
dv 

a = — + <0 X V 
dt 

= re^ + (r6 cos 0 + r0 cos 0 — r9sin 0 0)e^ + (ii0+ 

. ^9 

+ 0sin0 —0 0COS0 

r rQ cos 0 re 

= (r - r0^ - r0^ cos 0)^;. 

+ (rOcos 0 + r6 cos 0 - r0 sin 0 0 — na0 sin 0 + r0 cos 0)^9 

+ (r0 + n0 + r 0^ sin 0 cos 0 + r0 

= (r - r0^ - r0^ cos 0)e^ 

+ (2r0cos 0 + r0 cos 0 - 2r00sin 0)^9 

+ (2r0 + ra + r0^ sin 0 cos 0)^^ ( 1 .23) 

In Path co-ordinates 

Figure 1.7 shows a general three-dimensional curve in space. The distance measured along 
the curve from some arbitrary origin is denoted by 5. At point P the unit vector t is tangent 
to the curve in the direction of increasing s. The unit vector n is normal to the curve and 
points towards the centre of curvature of the osculating circle which has a local radius p. The 
unit vector b is the bi-normal and completes the right-handed triad. 

The position vector is not usually quoted but is 

r = To + //dj 

The velocity is 



V = St 



( 1 . 24 ) 
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Fig. 1.7 Path co-ordinates 



From Fig. 1 .8 it is seen that the angular velocity of the unit vector triad is ca = 0^ + yt. There 
cannot be a component in the n direction since by definition there is no curvature when the 
ctuve is viewed in the direction of arrow A. 

The acceleration is therefore 

a = St + (o X V = St + %b X St 

= st + sQn (1-25) 

It is also seen that 5 = p0; hence the magnitude of the centripetal acceleration is 

j0 = p0^ = 5^/p (i-26) 

From Fig. 1 .7 we see that ds = p d0 and also that the change in the tangential unit vector 
is 

dt = dQ n 




Fig. 1.8 Details of path co-ordinates 
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Dividing by ds gives 



6s 




1 

- n 

P 



(1.27) 



The reciprocal of the radius of curvature is known as the curvature k. Note that curvature is 
always positive and is directed towards the centre of curvature. So 

6t 

— = Ktt (1.28) 



The rate at which the bi-normal, b, rotates about the tangent with distance along the curve 
is known as the torsion or tortuosity of the curve t. 

By definition 



ds 



— T/l 



(1.29) 



The negative sign is chosen so that the torsion of a right-handed helix is positive. 
Now n~b X t so 



6n 

6s 



6b .dr 

— X t + bx — 
ds ds 



Substituting from equations (1.29) and (1.28) we have 



~ = -T/i X t + b X K/I 
ds 



= xb - xt (1-30) 

Equations (1.28) to (1.30) are known as the Serret—Frenet formulae. From equation (1.27) 
we see that 9 = ics and from Fig. 1.8 we have y Ti. 



1 .8 Kinetics of a particle 

In the previous sections we considered the kinematics of a point; here we are dealing with 
a particle. A particle could be a point mass or it could be a body in circumstances where its 
size and shape are of no consequence, its motion being represented by that of some specific 
point on the body. 

A body of mass m moving at a velocity v has, by definition, a momentum 



p = mv 

By Newton’s second law the force F is given by 

^ 6p dv 
F = — = m— = ma 
d/ dr 



(1.31) 



It is convenient to define a quantity known as the moment of a force. This takes note of 
the line of action of a force F passing through the point P, as shown in Fig. 1.9. The moment 
of a force about some chosen reference point is defined to have a magnitude equal to the 
magnitude of the force times the shortest distance from that line of action to that point. The 
direction of the moment vector is taken to be normal to the plane containing F and r and the 
sense is that given by the right hand screw rule. The moment of the force F about O is 
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z 




Fig. 1.9 Moment of a force 

and, from the definition of the vector product of two vectors, 

M=rX F 

So, from equation ( 1 .3 1 ) we have 
(h> d 

r^F= rx'g = — (rxp) (1.32) 

The last equality is true because r = v which is parallel to p. We can therefore state that 

the moment of force about a given point is equal to the rate of change of moment of 
momentum about that same point. 

Here we prefer to use ‘moment of momentum’ rather than ‘angular momentum’, which we 
reserve for rigid body rotation. 

1.9 Impulse 

Integrating equation (1.31) with respect to time we have 

/Vdt = Ap=p,-p, (1.33) 

1 

The integral is known as the impulse, so in words 
impulse equals the change in momentum 
From equation 1.32 we have 

3 /= 

so integrating both sides with respect to time we have 

2 

/ Mdt = A(r X p)= (r X /7)j - (r X />), 



(1.34) 
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The integral is known as the moment of the impulse, so in words 
moment of the impulse equals the change in the moment of momentum 

1.10 Kinetic energy 

Again from equation (1.31) 

F = m~ 
dr 

so integrating with respect to displacement we have 

/F-ds = Jm ds = /m • dv = fmvdv 
^ dt dt 



m m , 

= - vv + constant = + constant 

2 2 

The term mvV2 is called the kinetic energy of the particle. Integrating between limits 1 
and 2 



r2 p 2 2 

/,F-ds = - - - V, 

or, in words, 

the work done is equal to the change in kinetic energy 



(1.35) 



1.11 Potential energy 

If the work done by a force depends only on the end conditions and is independent of the 
path taken then the force is said to be conservative. It follows from this definition that if the 
path is a closed loop then the work done by a conservative force is zero. That is 

^Fds = 0 (1.36) 

Consider a conservative force acting on a particle between positions 1 and 2. Then 



Ji^F-di = ^2 - IT, 





(1.37) 



Here W is called the work function and its value depends only on the positions of points 1 
and 2 and not on the path taken. 

The potential energy is defined to be the negative of the work function and is, here, given 
the symbol o. Equation (1.37) may now be written 




(1.38) 



Potential energy may be measured from any convenient datum because it is only the differ- 
ence in potential energy which is important. 
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1.12 Coriolis's theorem 

It is often advantageous to use reference axes which are moving with respect to inertial axes. 
In Fig, 1.10 the x'y'z' axes are translating and rotating, with an angular velocity a>, with 



respect to the xyz axes. 

The position vector, OP, is 

r= /? + r' =00' +0'P (1.39) 

Differentiating equation (1.39), using equation (1.13), gives the velocity 

r = /f+v' + toXr' (1-40) 

where v' is the velocity as seen from the moving axes. 

Differentiating again 

r = .R + a' + ci) X r' + 0 ) X v' + CO X (v' + ft) X r') 

= + a' + cb X r' + 2o) X v' + 0 ) X (ft) X r') (1-41) 

where o' is the acceleration as seen from the moving axes. 

Using Newton’s second law 

/* = mr = m [ J? + o' + ® X r' + 2co X v' + <0 X (ft) X /•') ] (1.42) 

Expanding the triple vector product and rearranging gives 

F - mR - ma X r' - 2m<o X v' - oi[o) (co • r') - ©V] = ma' (1-43) 
This is known as Coriolis 's theorem. 



The terms on the left hand side of equation (1.43) comprise one real force, F, and four 
fictitious forces. The second term is the inertia force due to the acceleration of the origin O', 
the third is due to the angular acceleration of the axes, the fourth is known as the Coriolis 
force and the last term is the centrifugal force. The centrifugal force through P is normal to 
and directed away from the co axis, as can be verified by forming the scalar product with ©. 
The Coriolis force is normal to both the relative velocity vector, v', and to ©. 




Fig. 1.10 
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1.13 Newton's laws for a group of particles 

Consider a group of n particles, three of which are shown in Fig. 1.11, where the /th parti- 
cle has a mass and is at a position defined by r, relative to an inertial frame of reference. 
The force on the particle is the vector sum of the forces due to each other particle in the 
group and the resultant of the external forces. If fj is the force on particle i due to particle 
j and F, is the resultant force due to bodies external to the group then summing over all par- 
ticles, except for j = /, we have for the /th particle 



2 F + F, = m,r,. 



(1.44) 



We now form the sum over all particles in the group 






(1.45) 



The first term sums to zero because, by Newton’s third law,/^ = —f^. Thus 






(1.46) 



The position vector of the centre of mass is defined by 



^ m.r, = (i: m,)rc = mro 



(1.47) 



where m is the total mass and r^ is the location of the centre of mass. It follows that 



m^r, = mr^ 



(1.48) 




Fig. i.n 
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and 




(1.49) 



Therefore equation (1.46) can be written 
SF, = mr^ = A (jnr^) 

This may be summarized by stating 



(1.50) 



the vector sum of the external forces is equal to the total mass times the acceleration 
of the centre of mass or to the time rate of change of momentum. 



A moment of momentum expression for the ith particle can be obtained by forming the 
vector product with r, of both sides of equation (1.44) 



2 r X fy + X F,. = r, X /n,r, 

J 

Summing equation (1.51) over n particles 

^ r, X F, +2 r, X Jfj = ^ r, x m,r, 

i i i 



_d 

dt 



r, X mfi 



(1.51) 



(1.52) 



The double summation will vanish if Newton’s third law is in its strong form, that is/y = 
and also they are colinear. There are cases in electromagnetic theory where the equal 
but opposite forces are not colinear. This, however, is a consequence of the special theory 
of relativity. 

Equation (1.52) now reads 



2 /•,. X F,. = — 2 r, X mfi 
/ dt 1 



(1.53) 



and using M to denote moment of force and L the moment of momentum 



Mo = 



_d 

dr 



Lo 



Thus, 

the moment of the external forces about some arbitrary point is equal to the time rate 
of change of the moment of momentum (or the moment of the rate of change of momen- 
tum) about that point. 

The position vector for particle / may be expressed as the sum of the position vector of 
the centre of mass and the position vector of the particle relative to the centre of mass, or 

r = '•g + Pi 

Thus equation (1.53) can be written 
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2 ^ 




('■g 



+ p) X m, (rG 



+ P,) 



= ^ [ '•g X + ra^m,p, + | j X 

+ ^ P/ X («,p,) j 



d 



{furc) +^P, X (m,.p,) 



(1. 53a) 



1.14 Conservation of momentum 

Integrating equation (1.46) with respect to time gives 

2 / F, d/ = AS mfi (1-54) 

i i 

That is, 

the sum of the external impulses equals the change in momentum of the system. 

It follows that if the external forces are zero then the momentum is conserved. 

Similarly from equation (1.53) we have that 

the moment of the external impulses about a given point equals the change in moment 
of momentum about the same point. 

S / r, X F, dr = A S r, x mfi 

i / 

From which it follows that if the moment of the external forces is zero the moment of 
momentum is conserved. 



1.15 Energy for a group of particles 

Integrating equation (1.45) with respect to displacement yields 

i / I 

' 2f'"' “S y 

i ¥ i ¥ i 



(1.55) 



The first term on the left hand side of the equation is simply the work done by the exter- 
nal forces. The second term does, not vanish despite fj = -fjj because the displacement of 
the /th particle, resolved along the line joining the two particles, is only equal to that of 
the yth particle in the case of a rigid body. In the case of a deformable body energy is 
either stored or dissipated. 
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If the stored energy is recoverable, that is the process is reversible, then the energy stored 
is a form of potential energy which, for a solid, is called strain energy. 

The energy equation may be generalized to 



work done by external forces = AF + AT + losses (1.56) 

where A F is the change in any form of potential energy and AT is the change in kinetic 
energy. The losses account for any energy forms not already included. 

The kinetic energy can be expressed in terms of the motion of the centre of mass and 
motion relative to the centre of mass. Here p is the position of a particle relative to the cen- 
tre of mass, as shown in Fig. 1.12. 



T = 



_1^ 

2 



m/-r, 



1 

2 




+ p,) • (r'c 



+ P.) 



1_ 

2 



mrl 






(1.57) 



The other two terms of the expansion are zero by virtue of the definition of the centre of 
mass. From this expression we see that the kinetic energy can be written as that of a point 
mass, equal to the total mass, at the centre of mass plus that due to motion relative to the 
centre of mass. 




1.16 The principle of virtual work 

The concept of virtual work evolved gradually, as some evidence of the idea is inherent in 
the ancient treatment of the principle of levers. Here the weight or force at one end of a lever 
times the distance moved was said to be the same as that for the other end of the lever. This 
notion was used in the discussion of equilibrium of a lever or balance in the static case. The 
motion was one which could take place rather than any actual motion. 

The formal definition of virtual displacement, 6r, is any displacement which could take 
place subject to any constraints. For a system having many degrees of freedom all displace- 
ments save one may be held fixed leaving just one degree of freedom. 
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From this definition virtual work is defined as F where F is the force acting on the par- 
ticle at the original position and at a specific time. That is, the force is constant during the 
virtual displacement. For equilibrium 

2F,-dr = 0 = (1.58) 

Since there is a choice of which co-ordinates are fixed and which one is free it means that 
for a system with n degrees of freedom n independent equations are possible. 

If the force is conservative then F-5r = 6 IF, the variation of the work function. By defi- 
nition the potential energy is the negative of the work function; therefore F-hr = -5V. 

In general if both conservative and non-conservative forces are present 

^(J^i.non-con + o J ‘ Sf,- = 0 

I 

or 

2:(/=',non-con)-5r, = W (1.59) 

That is, 

the virtual work done by the non-conservative forces = 5V 



1.17 D'Alembert's principle 

In 1743 D’Alembert extended the principle of virtual work into the field of dynamics by 
postulating that the work done by the active forces less the ‘inertia forces’ is zero. If F is a 
real force not already included in any potential energy term then the principle of virtual 
work becomes 

2(F, - ffi,r,.) -5r,. = 5F (1.60) 

I 

This is seen to be in agreement with Newton’s laws by considering the simple case of a par- 
ticle moving in a gravitational field as shown in Fig. 1.13. The potential energy V = mgy so 
D’Alembert’s principle gives 

[ (K ~ mx)i + (F, - my)j ] • {bxi + byj) = bV = ^ 6x + ^ by 

(F^ — mx)bx + {F^ - my) by = mgby (1-61) 

Because 5x and by are independent we have 
(Fj — mx)bx = 0 



or 

F, = mx (1.62) 

and 

(Fy - my) by = mgby 
or 



Fy - mg = my 



(1.63) 
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Fig. U3 

As with the principle of virtual work and D’Alembert’s principle the forces associated 
with workless constraints are not included in the equations. This reduces the number of 
equations required but of course does not furnish any information about these forces. 
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2.1 Introduction 



The dynamical equations of J.L. Lagrange were published in the eighteenth century some 
one hundred years after Newton’s Principia. They represent a powerful alternative to the 
Newton-^uler equations and are particularly useful for systems having many degrees of 
freedom and are even more advantageous when most of the forces are derivable from |X)ten- 
tial functions. 

The equations are 



dt 



dqi 



dq, 



a i^/^« 



( 2 . 1 ) 



where 

I is the Lagrangian defined to be T- V, 

T is the kinetic energy (relative to inertial axes), 

V is the potential energy, 
n is the number of degrees of freedom, 
q^ioq„ are the generalized co-ordinates, 
to a<i are the generalized forces 

and d/d/ means differentiation of the scalar terms with respect to time. Generalized co- 
ordinates and generalized forces are described below. 

Partial differentiation with respect to q^ is carried out assuming that all the other all the 
q and time are held fixed. Similarly for differentiation with respect to qi all the other q, all 
q and time are held fixed. 

We shall proceed to prove the above equations, starting from Newton’s laws and 
D’Alembert’s principle, during which the exact meaning of the definitions and statements 
will be illuminated. But prior to this a simple application will show the ease of use. 



EXAMPLE 

A mass is suspended from a point by a spring of natural length a and stiffness k, 
as shown in Fig. 2.1. The mass is constrained to move in a vertical plane in which 
the gravitational field strength is g. Determine the equations of motion in terms 
of the distance r from the support to the mass and the angle 0 which is the angle 
the spring makes with the vertical through the support point. 
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Fig. 2.1 



The system has two degrees of freedom and rand 0, which are independent, can 
serve as generalized co-ordinates. The expression for kinetic energy is 



T = 




+ (rQf 



and for potential energy, taking the horizontal through the support as the datum 
for gravitational potential energy. 



V = —mgr cos 9 y 



so 



1 = T - V= 



r + (r0) 



Ir 2 

+ mgr cos 0 - ~ 



Applying Lagrange's equation with = r we have 



so 



and 



B =mr 
dr 



= 

dr \ dr I 



mr 



B = mrd^ + mg cos 6 - k(r - a) 
dr 



From equation (2.1) 

im - It) ■ 



(i) 



mr — mrO^ — mg cos 0 + k{r — a) - 0 

The generalized force = 0 because there is no externally applied radial force 
that is not included in V. 
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Taking 6 as the next generalized co-ordinate 

ill 
de 






SO 



and 



d /aH\ ^ 

Uej 



2mrr9 + mr 0 



= mgr sin 0 



Thus the equation of motion in 0 is 



dt 




= Qe = 0 



2mrrQ + mrQ - mgr sin 0 = 0 (ii) 

The generalized force in this case would be a torque because the corresponding 
generalized co-ordinate is an angle. Generalized forces will be discussed later in 
more detail. 

Dividing equation (ii) by r gives 

2mr0 + mrQ — mg sin 0 = 0 (iia) 



and rearranging equations (i) and (ii) leads to 
mg cos 0 — k(r — a) = m{r — rQ^) 



(ia) 



and 



—mg sin 0 = m(2rQ + r0) (iib) 

which are the equations obtained directly from Newton's laws plus a knowledge 
of the components of acceleration in polar co-ordinates. 

In this example there is not much saving of labour except that there is no 
requirement to know the components of acceleration, only the components of 
velocity. 



2.2 Generalized co-ordinates 

A set of generalized co-ordinates is one in which each co-ordinate is independent and the num- 
ber of co-ordinates is just sufficient to specify completely the configuration of the system. A 
system of N particles, each free to move in a three-dimensional space, will require 2N co- 
ordinates to specify the configuration. If Cartesian co-ordinates are used then the set could be 

{^1 >'l >'2 ^2 • • • yfj 2^} 



or 



{X, JTj 



•^4 ^5 



^6 



where n = 3N. 



x„_, 
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This is an example of a set of generalized co-ordinates but other sets may be devised 
involving ditferent displacements or angles. It is conventional to designate these co- 
ordinates as 

{Q\ ^2 Qi ^4 9s ^6 • • • 9n-2 ^n-1 9n} 

If there are constraints between the co-ordinates then the number of independent co-ordi- 
nates will be reduced. In general if there are r equations of constraint then the number of 
degrees of freedom n will be W — r. For a particle constrained to move in the xy plane the 
equation of constraint is ^ = 0. If two particles are rigidly connected then the equation of 
constraint will be 

(X2 - X^f + (V2 ~ y\f + (^2 - 

That is, if one point is known then the other point must lie on the surface of a sphere of 
radius L. If x, = y, = z, =0 then the constraint equation simplifies to 

X2 + y2 Z2 - L 
Differentiating we obtain 

2x2 ^2 2^2 dj2 2 z 2 dz2 = 0 

This is a perfect differential equation and can obviously be integrated to form the constraint 
equation. In some circumstances there exist constraints which appear in differential form 
and cannot be integrated; one such example of a rolling wheel will be considered later. A 
system for which all the constraint equations can be written in the form /(q^. . .q„) = con- 
stant or a known function of time is referred to as holonomic and for those which cannot it 
is called non-holonomic. 

If the constraints are moving or the reference axes are moving then time will appear 
explicitly in the equations for the Lagrangian. Such systems are called rheonomous and 
those where time does not appear explicitly are called scleronomous. 

Initially we will consider a holonomic system (rheonomous or scleronomous) so that the 
Cartesian co-ordinates can be expressed in the form 



X, = x^{q^q2...qj) ( 2 . 2 ) 

By the rules for partial differentiation the differential of equation (2.2) with respect to time is 



V,- = 


dx, etc, . dx, 

~dF ~ 

J 




(2.3) 


so 








V,- = 


v, (9i qi-q„ 4\ q2-4n0 




(2.4) 


thus 








dv, 

dt 




d^Xj 


(2.5) 



Differentiating equation (2.3) directly gives 
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and comparing equation (2.5) with equation (2.6), noting that v, = x„ we see that 

dx, _ dXj 

a process sometimes referred to as the cancellation of the dots. 

From equation (2.2) we may write 




Since, by definition, virtual displacements are made with time constant 



(2.7) 



( 2 . 8 ) 




These relationships will be used in the proof of Lagrange’s equations. 



(2.9) 



2.3 Proof of Lagrange's equations 

The proof starts with D’Alembert’s principle which, it will be remembered, is an extension 
of the principle of virtual work to dynamic systems. D’Alembert’s equation for a system of 
N particles is 



2 (/; - mffhr, = 0 ( 2 . 10 ) 

where 5/; is any virtual displacement, consistent with the constraints, made with time fixed. 
Writing r, = x,i + Xjy + x^k etc. equation (2.10) may be written in the form 



2 (F^ — mjXi)dXj = 0\^i^n = 3N (2.11) 

Using equation (2.9) and changing the order of summation, the first summation in equation 
(2.1 1) becomes 



the virtual work done by the forces. Now W = JV(qj) so 



( 2 . 12 ) 




(2.13) 



and by comparison of the coefficients of 5g in equations (2.12) and (2.13) we see that 



dqj Zu dq^ 



(2.14) 



This term is designated Qj and is known as a generalized force. The dimensions of this quan- 
tity need not be those of force but the product of the generalized force and the associated 
generalized co-ordinate must be that of work. In most cases this reduces to force and dis- 
placement or torque and angle. Thus we may write 



5fV 



=2 ® 



(2.15) 
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In a large number of problems the force can be derived from a position-dependent poten- 
tial V, in which case 



Qj = 



dqj 



Equation (2.13) may now be written 

where Qj now only applies to forces not derived from a potential. 
Now Ae second summation term in equation (2.1 1) is 



(2.16) 



(2.17) 



S ntiXi 8x,. I 5^; 



dqj 

or, changing the order of summation, 

2 m,x,Sx, 

J ' i ^ ' 

We now seek a form for the right hand side of equation (2. 18) involving the kinetic energy 
of the system in terms of the generalized co-ordinates. 

The kinetic energy of the system of N particles is 



(2.18) 



i = lN 



T = 



nil 



ri’T; = 



m, 



-x,x, 



/=! 



Thus 



ar • dXi . dx, 

dqj ^ dqj jLJ dqj 



dXi 



because the dots may be cancelled, equation (2.7). Differentiating with respect to time gives 



dr \dqjj ^ 



dXi 



niiXi — +^m/X; — 



dqj 



dXj 

Wj 



but 



so 



dqj ^ dqj 



dr [dqjJ dqj ^ dqj 

I 

Substitution of equation (2.19) into equation (2.18) gives 



2 m,X; 5x, = > - T— 

/ ^ dr \dqj dqj 



bqj 



(2.19) 



( 2 . 20 ) 



Substituting from equations (2.17) and (2.20) into equation 2.1 1 leads to 
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j 



Because the q are independent we can choose 6gj to be non-zero whilst all the other Sq are 
zero. So 



dr 




dqj dqj 



Qj 



Alternatively since V is taken not to be a function of the generalized velocities we can write 
the above equation in terms of the Lagrangian 1 ~ T — V 




Qj l^J^n 



( 2 . 21 ) 



In the above analysis we have taken n to be 3N but if we have r holonomic equations of 
constraint then n = 3N — r. In practice it is usual to write expressions for T and V directly 
in terms of the reduced number of generalized co-ordinates. Further, the forces associated 
with workless constraints need not be included in the analysis. 

For example, if a rigid body is constrained to move in a vertical plane with they axis ver- 
tically upwards then 



T = qixl + yo) + and V = mgy^ 



The constraint equations are fully covered by the use of total mass and moment of inertia 
and the suppression of the co-ordinate. 



2.4 The dissipation function 

If there are forces of a viscous nature that depend linearly on velocity then the force is given 
by 

where Cy are constants. 

The power dissipated is 




In terms of generalized forces 

P = 

i 

and 



a = ~^C,qj 

where Q are related to Cy (the exact relationship does not concern us at this point). 
The power dissipated is 

P = ~2Qjqj 

J 

By differentiation 

riP ^Qi ■ 
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If we now define JT = P!2 then 



ajf 

dq, 



= -Qi 



( 2 . 22 ) 



The term is known as Rayleigh ’s dissipative function and is half the rate at which power 
is being dissipated. 

Lagrange’s equations are now 



d dl 



dt \dqj 



'3l\ + ^ 



Qj 



(2.23) 



where Qj is the generalized force not obtained from a position-dependent potential or a 
dissipative function. 



EXAMPLE 

For the system shown in Fig. 2.2 the scalar functions are 

2 2 

^ + -^(-^2 - X,f 

^ f(X2 - X,)^ 

The virtual work done by the external forces is 

51T = F| 5x, + Fj 5x2 

For the generalized co-ordinate application of Lagrange's equation leads 
to 

m,x, + kiX, - ^2(^2 “ Xi) + c,x, - C2(x2 - x'l) = F, 

and for Xj 

W2X2 + ^2(^2 ~ ^1) ^2(^2 ~ -^i) “ ^2 




]— >'7 []— yj*yj 



Fig. 2 J 
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Alternatively we could have used co-ordinates /i and which case the appro- 
priate functions are 



_ /Ml .2 /Ml , • , • .2 

T = -^>-1 + -^(vi + yi) 




and the virtual work is 

hW = F,by, + F:,b{y, + y^) = (F, + F2)5j, + F^by^ 

Application of Lagrange's equation leads this time to 

/Miy, + /M2(>5, + J 2 ) + ky\ = F\ + F2 



fnj(,y\ + yi) + k^yt + 02^2 = F2 

Note that in the first case the kinetic energy has no term which involves products 
like g,Qy whereas in the second case it does. The reverse is true for the potential 
energy regarding terms like Therefore the coupling of co-ordinates depends on 
the choice of co-ordinates and de-coupling in the kinetic energy does not imply that 
de-coupling occurs in the potential energy. It can be proved, however, that there 
exists a set of co-ordinates which leads to uncoupled co-ordinates in both the 
kinetic energy and the potential energy; these are known as principal co-ordinates. 



2.5 Kinetic energy 

The kinetic energy of a system is 

T = 1 2 m,x] = 1 (jf)^[/M](x) 



where 



(x) = (x, X2 . . . X3^f 



and 



[m] = 



m. 






di^onal 



Now 
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We shall, in this section, use the notation ( ) to mean a column matrix and [ ] to indicate a 
square matrix. Thus with 

(x) = (X^X 2 . ..x„f 

then we may write 

(X) = [A](q) + (b) 

where 

6bC| 



[A] = 



(b) = 



dq, 

dx„ 

dqi 



dq„ 

, dx„ 

dq„ 



= /(9i 92 • • ■ 9,) 



~dT 



8x„ 

dt 



and 

(9) = (9l 92 • • • 

Hence we may write 

T= ^ ((ft)" + (?)" [^]"| Im] l[A](q) + (ft)j 



= j (?y [-<]" M lA] (g) + (ft)>] [A] (?) + (ft)" [m] (ft) (2.24) 

Note that use has been made of the fact that [m] is symmetrical. This fact also means that 
[Af[m\[A] is symmetrical. 

Let us write the kinetic energy as 

r = + T, + To 

where T 2 , the first term of equation (2.24), is a quadratic in q and does not contain time 
explicitly. T, is linear in q and the coefficients contain time explicitly. Tq contains time but 
is independent of q. If the system is scleronomic with no moving constraints or moving axes 
then r, = 0 and = 0. 

T 2 has the form 

^’2 = aij 9,9. =/( 9 ) 

and in some cases terms like q^q^ are absent and Tj reduces to 




Here the co-ordinates are said to be orthogonal with respect to the kinetic energy. 
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2.6 Conservation laws 



We shall now consider systems for which the forces are only those derivable from a 
position-dependent potential so that Lagrange’s equations are of the form 



dt 





0 



If a co-ordinate does not appear explicitly in the Lagrangian but only occurs as its time 
derivative then 




Therefore 



= constant 

dq, 



In this case is said to be a cyclic or ignorable co-ordinate. 

Consider now a group of particles such that the forces depend only on the relative posi- 
tions and motion between the particles. If we choose Cartesian co-ordinates relative to an 
arbitrary set of axes which are drifting in the x direction relative to an inertial set of axes as 
seen in Fig. 2.3, the Lagrangian is 



i = N] 

H = 

/= I ^ 



+ y- + i- 



Hxiyi zi) 



Because X does not appear explicitly and is therefore ignorable 



rtS '-V 

— = 1.rn,(X + X,) = constant 

dX i= I 

\fX-^ 0 then 

*2 /w,x, = constant (2.25) 

1=1 




Fig. 2 J 
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This may be interpreted as consistent with the Lagrangian being independent of the position 
in space of the axes and this also leads to the linear momentum in the arbitrary x direction 
being constant or conserved. 

Consider now the same system but this time referred to an arbitrary set of cylindrical co- 
ordinates. This time we shall superimpose a rotational drift of y of the axes about the z axis, 
see Fig. 2.4. Now the Lagrangian is 



1 = 1 



r 2 



r] (9, + if + rf + z] 






Because y is a cyclic co-ordinate 



dTL } • ■ 

= Sm,r;(9, + y) = constant 
3y 



If we now consider y to tend to zero then 



= Sm,rf9, = constant (2.26) 

ay 

This implies that the conservation of the moment of momentum about the z axis is associ- 
ated with the independence of d1/dy to a change in angular position of the axes. 

Both the above show that dl/dq is related to a momentum or moment of momentum. We 
now define aX/a^, = p, to be the generalized momentum, the dimensions of which will 
depend on the choice of generalized co-ordinate. 

Consider the total time differential of the Lagrangian 



^ 

dt r dqj 



<lj 



9X - 

j 



a/ 



If all the generalized forces, Q,, are zero then Lagrange’s equation is 



A 

dr \a^^ / 




= 0 



Substitution into equation (2.27) gives 



(2.27) 




Fig. 2.4 
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^ ^ ^ d/a3L\. , ^ ^ 
d< }dl\dq,r 



« 



Thus 



1 = -— 
' dt 



d • 

dr 

y 

and if the Lagrangian does not depend explicitly on time then 
> - 1 = constant 

Under these conditions \ = T - V = Tjlqjqj) - V{qj). Now 

7^ — ^'^a^q^qjy Ojj — Oy,- 



(2.28) 



(2.29) 



so 

dT, _ I • ^ 1 ^ ^ . 

^ - y + yp,% = 2 o,9, 

because a,y = a,,. 

We can now write 

ZSi -ZS*- Z(*M • « 



SO that 



- 1 - = 2 T, - (T, - r> 

J 

= T2+V=T+V 
= E 

the total energy. 

From equation (2.29) we see that the quantity conserved when there are (a) no general- 
ized forces and (b) the Lagrangian does not contain time explicitly is the total energy. Thus 
conservation of energy is a direct consequence of the Lagrangian being independent of time. 
This is often referred to as symmetry in time because time could in fact be reversed without 
affecting the equations. Similarly we have seen that symmetry with respect to displacement 
in space yields the conservation of momentum theorems. 

2.7 Hamilton's equations 

The quantity between the parentheses in equation (2.28) is known as the Hamiltonian H 

(2.30) 

or in terms of momenta 



H = '^Pji - ^(w) 



(2.31) 
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Since q can be expressed in terms of p the Hamiltonian may be considered to be a fimction 
of generalized momenta, co-ordinates and time, that is H = H(qjPj t). The differential of H 
is 



J J 

From equation (2.32) 

AH = + idpi) 

j j 

By definition dl/dqj = pj and from Lagrange’s equations we have 
^ = 



(2.32) 



(2.33) 



dqj dt\dqj 



Pj 



Therefore, substituting into equation (2.33) the first and fourth terms cancel leaving 

ax 



dH = ^4j^j - 'Lpjdqj - d/ 



(2.34) 



Comparing the coefficients of the differentials in equations (2.32) and (2.34) we have 



^ = -n M = /7- 
dqj dpj 



(2.35) 



and 



dH 

dt 



ax 

dt 



Equations (2.35) are called Hamilton’s canonical equations. They constitute a set of 2n 
first-order equations in place of a set of n second-order equations defined by Lagrange’s 
equations. 

It is instructive to consider a system with a single degree of freedom with a moving foun- 
dation as shown in Fig. 2.5. First we shall use the absolute motion of the mass as the 
generalized co-ordinate. 



X 




- jix-Xof 
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IS" 



= mx = p 



Therefore x = pim. From equation (2.32) 



H = p(p/m) 



P 

2m 



\ (X— Xfl) 




k 

T 



{x-Xof 



(2.36) 



In this case it is easy to see that H is the total energy but it is not conserved because Xq is a 
function of time and hence so is H. Energy is being fed in and out of the system by what- 
ever forces are driving the foundation. 

Using y as the generalized co-ordinate we obtain 

= y(>' + jco) - 



^ = i,) = p 

Therefore y = (p/m) - Xq and 





p ■ 




r 2 

P _ 


ky^' 


= p 


m ” 




2m 


2 



^ I 2 

P ^ 



(2.37) 



Taking specific values for Xq and x (and hence y) it is readily shown that the numerical 
value of the Lagrangian is the same in both cases whereas the value of the Hamiltonian is 
different, in this example by the amount px^. 

If we choose Xq to be constant then time does not appear explicitly in the second case; 
therefore H is conserved but it is not the total energy. Rewriting equation (2.37) in terms of 
y and Xq we get 

H = ^my + - \^mx\ (2.38) 

where the term in parentheses is the total energy as seen from the moving foundation and 
the last term is a constant providing, of course, that Xq is a constant. 

We have seen that choosing different co-ordinates changes the value of the Hamilton- 
ian and also affects conservation properties, but the value of the Lagrangian remains 
unaltered. However, the equations of motion are identical whichever form of 1 or // is 
used. 



2.8 Rotating frame of reference and velocity-dependent potentials 

In all the applications of Lagrange’s equations given so far the kinetic energy has always 
been written strictly relative to an inertial set of axes. Before dealing with moving axes in 
general we shall consider the case of axes rotating at a constant speed relative to a fixed axis. 
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Assume that in Fig. 2.6 the XYZ axes are inertial and the xyz axes are rotating at a con- 
stant speed Q about the Z axis. The position vector relative to the inertial axes is r and rel- 
ative to the rotating axes is p. 

Now 



r = p 



dp ^ 

r = ^ + QXp 



The kinetic energy for a particle is 

r - 1 • • 

T = ^mrr 



Let n X p = A, a vector function of position, so the kinetic energy may be written 



_ m ^ m 

2\^j T 



-A 

dt 



and the Lagrangian is 



I V 



(2.39a) 



The first term is the kinetic energy as seen from the rotating axes. The second term relates 
to a position-dependent potential function 0 = -A^/2. The third term is the negative of a 
velocity-dependent potential energy U. V is the conventional potential energy assumed to 
depend only on the relative positions of the masses and therefore unaffected by the choice 
of reference axes 




Fig. 2.6 
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It is interesting to note that for a charged particle, of mass m and charge q, moving in a 
magnetic field B = V X A, where A is the magnetic vector potential, and an electric field 
E = -Va - where 0 is a scalar potential, the Lagrangian can be shown to be 

This has a similar form to equation (2.39b). 

From equation (2.40) the generalized momentum is 

Px = mx + qA, 

From equation (2.40b) the generalized momentum is 
p, = mx + mAj = mx + m(( 0 ,^ - co.>^) 

In neither of these expressions for generalized momentum is the momentum that as seen 
from the reference fimne. In the electromagnetic situation the extra momentum is often 
attributed to the momentum of the field. In the purely mechanical problem the momentum 
is the same as that referenced to a coincident inertial frame. However, it must be noted that 
the xyz frame is rotating so the time rate of change of momentum will be different to that 
in the inertial flume. 

EXAMPLE 

An important example of a rotating co-ordinate frame is when the axes are 
attached to the Earth. Let us consider a special case for axes with origin at the cen- 
tre of the Earth, as shown in Fig. 2.7 The z axis is inclined by an angle a to the 
rotational axis and the x axis initially intersects the equator. Also we will consider 
only small movements about the point where the zaxis intersects the surface. The 
general form for the Lagrangian of a particle is 

% ^ + -^(i2Xp) ■ (Oxp) + m^ ■ (12 Xp) ^ V 

2 dt dt 2 ^ ^ dt ^ 

= r - - U 2 - V 

with 

Q = (oj + (oj + oa^k and p = xi + yj + zk 
A = Q Xp = i((i>yZ - co.y) + j(<o,x - co^z) + k((o^y - co^,x) 

^A-A = j [(co,z - o>,yf + (co,x - (o,zf + ((o,y - co,x)^] 

= -C/, 

and 

m^-A = mx((OyZ - (o^y) + my((o.x - (o^) + mz(a>,y - < 0 yX) 
at 

= -U2 

where ^ the velocities as seen from the moving axes. 

When Lagrange's equations are applied to these functions U; gives rise to 
position-dependent fictitious forces and U 2 to velocity and position-dependent 
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Fig. 2.7 



fictitious forces. Writing 1/ = L/, + i/j we can evaluate the x component of the 
fictitious force from 



— 

d/ \ctc ^ 




= -Qf. 



m(a)y.z - (a.y) - 7n(cojc - co_,z)(Oj - - (o,,;c)(-a)v) - m{y(i)^ - irOj,) = —Qf^ 



or 

-Qfx ~ “ %®v>' - 2/n(o)yi - 

Similarly 

-Qfy ~ “ cOj.(OjZ - ©vCo^x] + 2m(co^ - (aj:) 

-Qf. = w[((oJ + (al)z - cOjCO^x - to^cOv^] + 2m(co^y - cOj,x) 



For small motion in a tangent plane parallel to the xy plane we have z = 0 and 



z = R, since x < z and y<z. thus 
~Q(x ~ rw[-c0f(0;ji?] - 2m(a,y 


(i) 


-Qfy = + 2ma>.x 


(ii) 


2 2 * • 
—Qf. = m((i3y + (oJR - 2m((s)yy - a>,,x) 


(iii) 



We shall consider two cases: 



Case 1, where the xyz axes remain fixed to the Earth: 
( 0 ^ = 0 co^, = -ffleSih a and cOj = cOjCOS a 

Equations (i) to (iii) are now 
—Q{^ - -2mo>tCOsay 

-Qfy =/w(c0jSina cosai?) + 2/ncOjCOsa;c 

“J 2 * 

—Qf. = /n(to'sm a)/? — Inuo^smax 
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from which we see that there are fictitious Coriolis forces related to xand / and 
also some position-dependent fictitious centrifugal forces. The latter are usually 
absorbed in the modified gravitational field strength. In practical terms the 
value of g is reduced by some 0.3% and a plumb line is displaced by about 0.1°. 

Case 2, where the xyz axes rotate about the z axis by angle 0: 

cOj = tocsin a sine, (Oy = -cOeSina cose and co^ = cOjCosa + e 

We see that if 0 = -©ecosa then co^ * 0, so the Coriolis terms in equations (i) 
and (ii) disappear. Motion in the tangent plane is now the same as that in a plane 
fixed to a non-rotating Earth. 



2.9 Moving co-ordinates 



In this section we shall consider the situation in which the co-ordinate system moves with a 
group of particles. These axes will be translating and rotating relative to an inertial set of 
axes. The absolute position vector will be the sum of the position vector of a reference point 
to the origin plus the position vector relative to the moving axes. Thus, referring to Fig. 2.8, 
tj = R + pj so the kinetic energy will be 



Virr = 



+ PfP, + 2Rp,) 



Denoting = m, the total mass. 



J J 

Here the dot above the variables signifies differentiation with respect to time as seen from 
the inertial set of axes. In the following arguments the dot will refer to scalar differentiation. 

If we choose the reference point to be the centre of mass then the third term will vanish. 
The first term on the right hand side of equation (2.41) will be termed Tq and is the kinetic 
energy of a single particle of mass m located at the centre of mass. The second term will be 




Fig. 2.8 
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denoted by Tq and is the kinetic energy due to motion relative to the centre of mass, but still 
as seen from the inertial axes. 

The position vector R can be expressed in the moving co-ordinate system xyz, the specific 
components being Xq, and Zq, 

R = Xoi + yoJ + Zok 

By the rules for differentiation with respect to rotating axes 



dR 



= ^ + aXR 

■ dt.. 

= Xoi + yoj + x^k + {(0,Zo - (O,yo)i 

+ (copro - (O,zo)j + - (HyXo)k 



so 



rp _ m 
-to - TT 



Xoi + yd + X^k + (o\Zo - CO,yo)* + (“r >^0 - ®r^o)7 



+ (O),yo - 



Similarly with = Xji + yj + Zjk we have 



/w,T . 

Tq Xji + yJ + Xjk + (ayzy - co,y,)i + (co,x, - co^,)y 



(2.42) 



(2.43) 



+ {(a,yj - c0vX,)*J 

The Lagrangian is 

I = T^ix^y^z^x^yozd + T^Xj yj Zj Xj y Zj) - V (2.44) 

Let the linear momentum of the system be p. Then the resultant force F acting on the sys- 



tem IS 



F = 




p + coXp 



and the component in the x direction is 



F = 



_d_ 

dr« 



d 

dL 



R= R + 









In this case the momenta are generalized momenta so we may write 



F. = Qr = 



i- 

drjaxo 



di. 



an 



dyQ ozq 



(2.45) 



If Lagrange’s equations are applied to the Lagrangian, equation (2.44), exactly the same 
equations are formed, so it follows that in this case the contents of the last term are equiva- 
lent to an/axo. 

If the system is a rigid body with the xyz axes aligned with the principal axes then the 
kinetic energy of the body for motion relative to the centre of mass Tq is 



Tq = + j/vtOy + , see section 4.5 
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The modified form of Lagrange’s equation for angular motion 



n - d fall _ L dH 

\ ‘'do)v ■’ d(o 



yields 



0<or = /A - Wz/v“v - ®v4“- 



(2.46) 



(2.47) 



In this equation co^ is treated as a generalized velocity but there is not an equivalent gener- 
alized co-ordinate. This, and the two similar ones in and form the well-known 
Euler’s equations for the rotation of rigid bodies in space. 

For flexible bodies Tq is treated in the usual way, noting that it is not a function of Xq, Xq 
etc., but still involves (o. 



2.10 Non-holonomic systems 

In the preceding part of this chapter we have always assumed that the constraints are holo- 
nomic. This usually means that it is possible to write down the Lagrangian such that the 
number of generalized co-ordinates is equal to the number of degrees of fi’eedom. There are 
situations where a constraint can only be written in terms of velocities or differentials. 

One often-quoted case is the problem of a wheel rolling without slip on an inclined plane 
(see Fig. 2.9). 

Assuming that the wheel remains normal to the plane we can write the Lagrangian as 
2. = ~ /wg(sinay + cosa r) 

The equation of constraint may be written 
ds = rde 

or as 

dx = ds sinv|/ = r siny do 
dy = ds cos \)/ = r cos v|/ do 

We now introduce the concept of the Lagrange undetermined multipliers X. Notice that 
each of the constraint equations may be written in the form 'Laji^dqj = 0; this is similar in 
form to the expression for virtual work. Multiplication by does not affect the equality but 
the dimensions of are such that each term has the dimensions of work. A modified virtual 
work expression can be formed by adding all such sums to the existing expression for vir- 
tual work. So 5 If" = 5 IF + 2(>t*2ayid^y); this means that extra generalized forces will be 
formed and thus included in the resulting Lagrange equations. 

Applying this scheme to the above constraint equations gives 

A,dx — A.|(r sinvi/)d 0 = 0 
Ajdy — Ajfr cos v|/) do = 0 

The only term in the virtual work expression is that due to the couple C applied to the shaft, 
so 5 IF = C 50. Adding the constraint equation gives 

5fV = C 6o + A,dx + A. 2 dy — [A.,(r sinv|/) + A 2 (r cos\|/)]do 
Applying Lagrange’s equations to 2 for q' = x, y, o and v|/ in turn yields 
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mx = X,| 

my + mgsina = 

/|0 = C — [X,(r sin\|/) + XjCrcosv/)] 

/ 2 V = 0 

In addition we still have the constraint equations 
X = r sin\|/ 0 
y = r cos\j/ 0 

Simple substitution will eliminate X, and X2 from the equations. 
From a free-body diagram approach it is easy to see that 

Xi = Fsinvj/ 

X2 = Fcosvj/ 



[X,(r siny) + X2(rcosvi/)] = —Fr 

The use of Lagrange multipliers is not restricted to non-holonomic constraints, they may 
be used with holonomic constraints; if the force of constraint is required. For example, in 
this case we could have included X3<lz = 0 to the virtual work expression as a result of the 
motion being confined to the xy plane. (It is assumed that gravity is sufficient to maintain 
this condition.) The equation of motion in the z direction is 

—mg cos a = X3 

It is seen here that — X3 corresponds to the normal force between the wheel and the plane. 

However, non-holonomic systems are in most cases best treated by free-body diagram 
methods and therefore we shall not pursue this topic any further. {See Appendix 2 for meth- 
ods suitable for non-holonomic systems.) 



2.1 1 Lagrange's equations for impulsive forces 

The force is said to be impulsive when the duration of the force is so short that the change 
in the position co-ordinates is negligible during the application of the force. The variation 
in any body forces can be neglected but contact forces, whether elastic or not, are regarded 
as external. The Lagrangian will thus be represented by the kinetic energy only and by the 
definition of short duration dT/dq will also be negligible. So we write 



dt 




Integrating over the time of the impulse x gives 



A 





A [generalized momentum] = generalized impulse 



^Pj = •>/ 



(2.48) 
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EXAMPLE 

The two uniform equal rods shown in Fig. 2.10 are pinned at B and are moving to 
the right at a speed V. End A strikes a rigid stop. Determine the motion of the two 
bodies immediately after the impact. Assume that there are no friction losses, no 
residual vibration and that the impact process is elastic. 



The kinetic energy is given by 

2 2 2 2 
The virtual work done by the impact force at A is 

= F(-dx, + a de,) 

and the constraint equation for the velocity of point B is 

jTi + a6| = x '2 — fl02 

or, in differential form. 




Fig. 2.10 (a) and (b) 
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d;c, - dxj + adO, + ad.^ - 0 (ib) 

There are two ways of using the constraint equation: one is to use it to elimi- 
nate one of the variables in T and the other is to make use of Lagrange multipli- 
ers. Neither has any great advantage over the other; we shall choose the latter. 
Thus the extra terms to be added to the virtual work expression are 

X[dx, — d;c2 + ad9, + adGj] 

Thus the effective virtual work expression is 

5W' = F(— dX| + ad0|) + A,[d:ci — d^2 + adO, + fld02] 

Applying the Lagrange equations for impulsive forces 



7n(X| - V) = -jFdt + Ad/ (ii) 

- n = -Ad/ (iii) 

/0i = faFdt + faXdt (iv) 

702 = faXdt (v) 



There are six unknowns but only five equations (including the equation of con- 
straint, equation (i)). We still need to include the fact that the impact is elastic. This 
means that at the impact point the displacement-time curve must be symmetrical 
about its centre, in this case about the time when point A is momentarily at rest. 
The implication of this is that, at the point of contact, the speed of approach is 
equal to the speed of recession. It is also consistent with the notion of reversibil- 
ity or time symmetry. 

Our final equation is then 

F = aO, — X, (vi) 

Alternatively we may use conservation of energy. Equating the kinetic energies 
before and after the impact and multiplying through by 2 gives 

mV^ = mx] + mxl + 70^ + (vi a) 

It can be demonstrated that using this equation in place of equation (vi) gives the 
same result. From a free-body diagram approach it can be seen that X is the 
impulsive force at B. 

We can eliminate the impulses from equations (ii) to (v). One way is to add 
equation (iii) times 'a' to equation (v) to give 

m(x 2 — V)a + 702 = 0 (vii) 

Also by adding 3 times equation (iii) to the sum of equations (ii), (iv) and (v) we 
obtain 

m(x\ — V)a + 3m(x2 — V)a + 70[ + 702 = 0 (viii) 

This equation may be obtained by using conservation of moment of momentum 
for the whole system about the impact point and equation (vii) by the conserva- 
tion of momentum for the lower link about the hinge B. 

Equations (ia), (vi), (vii) and (viii) form a set of four linear simultaneous equa- 
tions in the unknown velocities Xj, 0, and These may be solved by any of the 
standard methods. 
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3.1 Introduction 



In the previous chapters the equations of motion have been presented as differential equa- 
tions. In this chapter we shall express the equations in the form of stationary values of a time 
integral. The idea of zero variation of a quantity was seen in the method of virtual work and 
extended to dynamics by means of D’Alembert’s principle. It has long been considered that 
nature works so as to minimize some quantity often called action. One of the first statements 
was made by Maupertuis in 1744. The most commonly used form is that devised by Sir 
William Rowan Hamilton around 1834. 

Hamilton’s principle could be considered to be a basic statement of mechanics, especially 
as it has wide applications in other areas of physics, but we shall develop the principle 
directly from Newtonian laws. For the case with conservative forces the principle states that 
the time integral of the Lagrangian is stationary with respect to variations in the ‘path’ in 
configuration space. That is, the correct displacement-time relationships give a minimum 
(or maximum) value of the integral. 

In the usual notation 



8 



h 

1L dr = 0 






(3.1) 



or 



5 / = 0 



where 



^ t') 



I = 



H dr = 0 






(3.2) 



This integral is sometimes referred to as the action integral. There are several different inte- 
grals which are also known as action integrals. 

The calculus of variations has an interesting history with many applications but we shall 
develop only the techniques necessary for the problem in hand. 
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3.2 Derivation of Hamilton's principle 

Consider a single particle acted upon by non-conservative forces F,> Fj, F* and conservative 
forces f, fj. f which are derivable from a position-dependent potential function. Referring to 
Fig. 3.1 we see that, with p designating momentum, in the x direction 

^ (A) 

with similar expressions for the y and z directions. 

For a system having iV particles D’Alembert’s principle gives 



(P,) I = 0, 1 ^ ^ 3A 



We may now integrate this expression over the time interval r, to ti 



i: 2( 

Hi , ' 



, + / - ^ (P,) 5x, dt = 0 



O V 

Now f - - and the third term can be integrated by parts. So interchanging the order of 
summation ana integration and then integrating the third term we obtain 

^ FM d/ - - 8x,dr - [pM] + (F) - (5^,) dr = 0 (3.3) 

J t] J tj ' t] J t] / 

We now impose a restriction on the variation such that it is zero at the extreme points t, and 
t 2 ; therefore the third term in the above equation vanishes. Reversing the order of summa- 
tion and integration again, equation (3.3) becomes 

h +2 ® <3.4) 



Let us assume that the momentum is a function of velocity but not necessarily a lin- 
ear one. With reference to Fig. 3.2 if F is the resultant force acting on a particle then 
by definition 




Fig. 3.1 
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so the work done over an elemental displacement is 
PM = M = XiMi 

The kinetic energy of the particle is equal to the work done, so 

T = i xMi 

Let the complementary kinetic energy, or co-kinetic energy, be defined by 
T* = 

It follows that 5P = pMi so substitution into equation (3.4) leads to 




or 

5 h (T* - F) dr = - f^'(SF,5x,)dr = 5 \^\-W)dt (3.5) 

J I ^1 I ^1 

where 5IFis the virtual work done by non-conservative forces. This is Hamilton 's principle. 
If momentum is a linear function of velocity then T* = T. It is seen in section 3.4 that the 
quantity {T* - V) is in fact the Lagrangian. 

If all the forces are derivable from potential functions then Hamilton’s principle reduces 
to 




All the comments made in the previous chapter regarding generalized co-ordinates apply 
equally well here so that X is independent of the co-ordinate system. 
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3.3 Application of Hamilton's principle 

In order to establish a general method for seeking a stationary value of the action integral 
we shall consider the simple mass/spring system with a single degree of freedom shown in 
Fig. 3.3. Figure 3.4 shows a plot of x versus t between two arbitrary times. The solid line is 
the actual plot, or path, and the dashed line is a varied path. The difference between the two 
paths is 5;c. This is made equal to eii(r), where q is an arbitrary function of time except that 
it is zero at the extremes. The factor e is such that when it equals zero the two paths coin- 
cide. We can establish the conditions for a stationary value of the integral I by setting dl/ds 
= 0 and then putting e = 0. 

From Fig. 3.4 we see that 



5 (x + dx) = 5x + d(8x) 



Therefore 5 (dx) = d(6x) and dividing by dt gives 



5 



dr 




(3.7) 



For the problem at hand the Lagrangian is 





Fig. 3 J 
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Thus the integral to be minimized is 
/ 

The varied integral with jc replaced by jf = x + ep is 

fh, "2 , .2 , 

/ = ^ ^ dt 

J tA2 2 j 

= 1^ |y + eii)^ - j ix+ ep)^! dt 



Therefore 



» »2 



(/nirri - Axp) d/ = 0 



Integrating the first term in the integral by parts gives 



mx\\ 



ri2 



mx\\ d/ 



1 •' 



f 

- kxr\ dr = 
^1 



0 



By the definition of r\ the first term vanishes on account of p being zero at r, and at ^ 2 , so 
h 

(mx + kx) p dr = 0 (3.8) 



f 



Now p is an arbitrary function of time and can be chosen to be zero except for time = t 
when it is non-zero. This means that the term in parentheses must be zero for any value of 
t, that is 

mx + kx = 0 (3.9) 

A quicker method, now that the exact meaning of variation is known, is as follows 
^2 



— X - — xld/=0 
2 2 



Making use of equation (3.7), equation (3.10) becomes 
» h 



(3.10) 



Imx 5x — kx 5x) d/ = 0 



‘I 



Again, integrating by parts, 
mx fix 



h 


* ^2 * 


— 


mx fix dt - 


i] • 


h 1 



kx &x dt = 0 
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or 






h 

(mx + kx) 5x dt = 0 






and because &cis arbitrary it follows that 
mx + kx = 0 



(3.11) 



3.4 Lagrange's equations derived from Hamilton's principle 

For a system having n degrees of freedom the Lagrangian can be expressed in terms of the 
generalized co-ordinates, the generalized velocities and time, that is H = H ((?, ,9, ,/). Thus 
with 



/ = 




1 dt 



(3.12) 



we have 



5/ = 





d/ = 0 



Note that there is no partial differentiation with respect to time since the variation applies 
only to the co-ordinates and their derivatives. Because the variations are arbitrary we can 
consider the case for all to be zero except for qj. Thus 



5/ = 




an , . 

— ^qj + ^ dqj 
dqj dqj 



dt = 0 



Integrating the second term by parts gives 

’^'_d / ^ 

t, \ Sqj 



8/ 



= 



an , , an ^ 

— 89. dr + 89 

t. da, ^ da, 



5qj dr = 0 



Because dqj = 0 at r, and at rj 

fVl - - (!5)l64d< = 0 

Jl, [ Scij il \ dq, )\ 

Owing to the arbitrary nature of dqj we have 



A I — 

dr ( dqj 




(3.13) 



These are Lagrange’s equations for conservative systems. It should be noted that n = J* 
- V because, with reference to Fig. 3.2, it is the variation of co-kinetic energy which is 
related to the momentum. But, as already stated, when the momentum is a linear function 
of velocity the co-kinetic energy T* = T , the kinetic energy. The use of co-kinetic energy 
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becomes important when particle speeds approach that of light and the non-linearity 
becomes apparent. 



3.5 Illustrative example 



One of the areas in which Hamilton’s principle is useful is that of continuous media where 
the number of degrees of freedom is infinite. In particular it is helpful in complex problems 
for which approximate solutions are sought, because approximations in energy terms are 
often easier to see than they are in compatibility requirements. 

As an example we shall look at wave motion in long strings under tension. The free-body 
diagram approach requires assumptions to be made in order that a simple equation of motion 
is generated; whilst the same is true for this treatment the implications of the assumptions 
are clearer. 

Figure 3.5 shows a string of finite length. We assume that the stretching of the string is neg- 
ligible and that no energy is stored owing to bending. We further assume that the tension x in 
the string remains constant. This can be arranged by having a pre-tensioned constant-force 
spring at one end and assuming that duldx is small. In practice the elasticity of the string and 
its supports is such that for small deviations the tension remains sensibly constant. 

We need an expression for the potential energy of the string in a deformed state. If the 
string is deflected from the straight line then point B will move to the left. Thus the neg- 
ative of the work done by the tensile force at B will be the change in potential energy of 
the system. 

The length of the deformed string is 



x = Ls 






L = / 7 (d* + dw ) = / V 1 

.t = 0 X = 0 

If we assiune that the slope du/dx is small then 



(^0 



dx 



x-L-s 

L= f 



x = 0 



1 

2 dx 



x = L-s I 

dx = (Z, - 5) + / - 

x-0 2 



du 

dx 



dx 



For small deflections s <Lso the upper limit can be taken as L. Thus 



s = 



1 / du 
T = 0 2 \ dx 



dx 
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— 
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l ^ — V 
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Fig. 3.5 
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The potential energy is -x (-s) = xs giving 

L Ms) 



(3.14) 



If u is also a function of time then du/dx will be replaced by 8u/dx. 

If p is the density and a is the cross-sectional area of the string then the kinetic energy is 



T= f 



pa I du 



•r = o 2 \ 5 jc 



dx 



The Lagrangian is 

r = 0 2 dt 






According to Hamilton’s principle we need to find the conditions so that 






I 2 <5< 



Carrying out the variation 
(du 

},, /- [ (aT 



2 \ dx 



- X 



(be dt = 0 



(3.15) 



(3.16) 



(3.17) 



du \ ' 
dx j 



dx dt = 0 



(3.18) 



To keep the process as clear as possible we will consider the two terms separately. For the 
first term the order of integration is reversed and then the time integral will be integrated by 
parts 







because du = 0 at t, and t 2 - The second term in equation (3.18) is 




Integrating by parts gives 




(3.19) 
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(3.20) 



The first term is zero provided that the ends are passive, that is no energy is being fed into 
the string after motion has been initiated. This means that either 5w = 0 or duldx = 0 at 
each end. The specification of the problem indicated that 6u = 0 but any condition that 
makes energy transfer zero at the extremes excludes the first term. 

Combining equations (3.19) and (3.20) and substituting into equation (3.18) yields 





5m ck dr = 0 



and because 5m is arbitrary the integrand must sum to zero so that finally 

d^u d^u 



(3.21) 



This is the well-known wave equation for strings. It is readily obtained from free-body dia- 
gram methods but this approach is much easier to modify if other effects, such as that of 
bending stiffness of the wire, are to be considered. Extra energy terms can be added to the 
above treatment without the need to rework the whole problem. This fact will be exploited 
in Chapter 6 which discusses wave motion in more detail. 




4 

Rigid Body Motion in Three Dimensions 



4.1 Introduction 

A rigid body is an idealization of a solid object for which no change in volume or shape is 
permissible. This means that the separation between any two particles of the body remains 
constant. 

If we know the positions of three non-colinear points, i, j and k, then the position of the 
body in space is defined. However, there are three equations of constraint of the form 
|r, — rj\=- constant so the number of degrees of freedom is 3 x 3 - 3 = 6. 

4.2 Rotation 

If the line joining any two points changes its orientation in space then the body has suffered 
a rotation. If no rotation is taking place then all particles will be moving along parallel paths. 
If the paths are straight then the motion is described as rectilinear translation and if not the 
motion is curvilinear translation. From the definitions it is clear that a body can move along 
a circular path but there need be no rotation of the body. 

It follows that for any pure translational motion there is no relative motion between indi- 
vidual particles. Conversely any relative motion must be due to some rotation. 

The rotation of a rigid body can be described in terms of the motion of points on a sphere 
of radius a centred on some arbitrary reference point, say i. The body, shown in Fig. 4.1, is 
now reorientated so that the points j and k are moved, by any means, to positions f and k' . 
The arc of the great circle joining y and k will be the same length as the arc joining^' and 
k', by definition of a rigid body. Next we construct the great circle through points j and f 
and another through the points k and k' . We now draw great circles which are the perpen- 
dicular bisectors of arcs jf and kk' . These two circles intersect at point N. The figure is 
now completed by drawing the four great circles through N and the points y, k,f and k' 
respectively. 

By the definition of the perpendicular bisector arc Ny = arc Ny' and arc 'Hk = arc NA^'. Also 
arc jk = arc j'k' and thus it follows that the spherical triangle ArNy is congruent with Ar'Ny". 
Now the angle ^Ny = A:'Ny' and the angle A:Ny' is common; therefore angle k^k' = yNy'. 

With i as reference the line /N is an axis of rotation. Therefore we have proved that 
any displacement relative to i can be represented by a rotation of angle yNy' about the 
line /N. 
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kNj = ldNj' 



In general we can state that any change in orientation can be achieved by a rotation 

about a single axis through any chosen reference point. 

This is often referred to as Euler’s theorem. 

It also follows directly that 

any displacement of a rigid body can be obtained as the sum of the rectilinear dis- 
placement of some arbitrary point plus a rotation about an axis through that point. 

This is known as Chasles ’s theorem. 

Note that the reference point is arbitrary so that the direction of the displacement is vari- 
able but the direction of the axis of rotation is constant. Indeed the reference point can be 
chosen such that the direction of the displacement is the same as the axis of rotation; this is 
known as screw motion. 

The validity of the last statement can be justified by reference to Fig. 4.2(a). The body is 
moved by a rotation of 0 about the OA axis and then translated along 00'. Alternatively the 
translation can be made first followed by a rotation about the O'A' axis, which is parallel to 
OA. OA and OO' define a plane and the view along arrow A is shown in Fig. 4.2(b). The 
point N is located such that ON = ON' and angle ONO' is also 9. This rotation will move 
the point O to O" and a translation along the O'A' axis will bring the body into the desired 
position. 

It is worth noting that if the displacement of all particles is planar such that the rotation 
axis is normal to that plane then any change in position can be achieved by a rotation about 
a fixed axis. The case of pure translation may be thought of as a rotation about an axis at 
infinity. 

The definition of rotation does not require the location of the axis to be specified — only 
its direction is needed. If the reference point is a fixed point then the axis of rotation can be 
regarded as a fixed axis through that point and points lying on the axis will not be displaced. 

A corollary of Euler’s theorem is that a rotation about axis 1 followed by a rotation about 
axis 2 can be replaced by a single rotation about axis 3. It should be noted that if the order 
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of the first two rotations is interchanged then the equivalent third rotation will be different. 
Finite rotations do not obey the law of vector addition; this is discussed in detail in Chapter 
8 which discusses robot dynamics. The fact is easily demonstrated by reference to Fig. 4.3, 
depicting three consecutive 90” rotations. The line OP is rotated 90” about the x axis to OQ, 
then the y axis to OR and then the z axis back to OP. Alternatively the line OP is rotated 
about the z axis to OS, then the y axis to OQ and finally about the x axis to OT. Clearly the 
results are different. 

4.3 Angular velocity 

Consider a small rotation dO about some axis Oz as shown in Fig. 4.4. A point on a sphere 
of radius a will move a distance 

dy = 6de (4.1) 

Dividing by dr, the time interval, gives 

i = 60 = a sin 0 9 (4.2) 

The direction of the velocity is AA' which is normal to the plane containing the radius 
vector and the axis of rotation. The angle 0 is the angle between the radius vector and the 
axis of rotation so by definition of the vector product of two vectors 

V = ie = 0A X a (4.3) 

where k is the unit vector in the z direction. 

In general 

V = o> X r (4.4) 

where w is the angular velocity vector of magnitude 0 in a direction parallel to the axis of 
rotation and r is the position vector. 

We still require to show that the angular velocity vector obeys the parallelogram law of 
vector addition. For small displacements on the surface of the sphere the surface tends to a 
flat surface. Thus the geometry is Euclidean and the order of the rotations may be reversed 




Fig. 4.4 
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ds = d0j X fl + d02 X (a + ds) = (d0, + d02) x a (4.5) 

neglecting second -order terms. Dividing equation (4.5) by dr gives 

V = (o>, +© 2 ) X a (4.6) 

Thus, although finite rotations do not obey the law of vector addition angular velocities do. 
The velocity of point P on a rigid body may be written 

Vp = Va + (B X rp/A (4.7) 

where is the velocity of some reference point, o is the angular velocity and rp/^ is the 
position vector of P relative to A. 



4.4 Kinetics of a rigid body 

From equation (1.48) we have that the linear momentum is the total mass times the velocity 
of the centre of mass. This is true whether the body is rigid or not, so equation ( 1 .50) is valid 

2 (4.8) 

Let us now consider the general space motion of a rigid body. From equation (1.53) the 
moment of momentum about some origin O is 

Lo = '2 r, X m,r, (4.9) 

From Fig. 4.5 

r, = Ta + p, (4.10) 

where p, is the position vector of particle i relative to A. For a rigid body equation (4.7) gives 
i: = Va + w, X p. (4.11) 

Substituting equations (4.10) and (4.1 1) into equation (4.9) gives 

^0 = 2 (rA + p,) X nil (va + o X P,) 

= Ta X wVa + Ta X (o) X 2w,p,) + (Sw,p,) X Va 

+ 2 p, X (co X nijPj) (4.12) 




Fig. 4.5 
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From the definition of the centre of mass 
2 m, (p, + rj = mrc 
or 

2 = /« (/-G - rj (4.13) 

Using equation (4.13), equation (4.12) becomes 

Lq = a X (mrc - mr^) + mrQ X + 2 p, X (co X /M,.p,) (4.14) 

This equation is cumbersome but it takes a simpler form for two special cases. 

The first case is when the point A is fixed and is used as the origin, that is = 0 and 
= 0. Equation (4. 14) is now 

io = 2 p, X (to X m,p,) (4.15) 

The second case is when G is the reference point, that is A coincides with G. Equation 
(4.14) is now 

Lq = rQ X mvQ + 2 p, X (o> X m,p,) (4.16) 

This may be further simplified if we take the origin to be coincident with G, in which case 

Lo - Lq - p, X (to X m,p,) (4.17) 

Note that p is measured from the reference point, that is the fixed point A in the first case 
and the centre of mass for the second. 

From equation (1.53) we have that the moment of the external forces about the chosen 
origin O is equal to the time rate of change of the moment of momentum, or 

Mo = io (4-18) 

dr 

Let us first consider the case of rotation about a fixed axis of symmetry, say the z axis, so 
(B = (nji and p = x/ + yj + zk. Equation (4. 1 5) is now 

Lo = 2 (x,i + yJ + z^k) X {(n.m^xj - (n.m^yii) 

= 2 (B,/n, (x- + y-)A = 2 o>,k (4.19) 

where ^ (x • + y •) is the distance of the particle from the z axis and remains constant 
as the body rotates. The term 2 ■ is a constant of the body known as the moment of iner- 

tia about the z axis and is given the symbol L. Equation 4.19 can now be written 

Lo = (4.20) 

Equation (4. 1 8) gives 

Mo = lAk (4.21) 

The differentiation is easy because the moment of inertia is a constant and shows that the 
moment of forces about O depends on the angular acceleration d). . 

We now return to the case of rotation about the fixed point. If we express the moment of 
inertia in terms of the fixed co-ordinate system it will no longer be constant because the ori- 
entation of the body will be changing with time. To avoid the difficulty of coping with a vari- 
able moment of inertia it is convenient to choose a set of moving axes such that the moment 
of inertia is constant. For the general case these axes will be fixed to the body but for the 
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common situation where the body has an axis of symmetry we can use any set of axes for 
which one axis coincides with the axis of symmetry. 

This means that equation (4.18) will become {see equation (1.13)) 

Mo = a>R X Lo (4.22) 

where cor is the angular velocity of the moving axes. 

4.5 Moment of inertia 

In the previous section we found an expression for the moment of inertia about a fixed axis. 
Clearly different axes will produce different values for this quantity. We need to look at the 
formula for moment of momentum in some detail. For rotation about a fixed point we have, 
by equation (4.15), 

Lo = 2 p, X (to X /7i,p,.) (4.15) 

Using the expansion formula for a triple vector product 
Lo = CO ( 2 w,p,-p,) - 2 m,p, (co-p,) 

= to ( 2 m,p,‘) - to • ( 2 m,p, p,) (4.23) 

From the appendix on tensors and dyadics we recognize that the second term is the product 
of the vector to and a dyadic. The first term can be put in the same form by introducing the 
unit dyadic 1 so that equation (4.23) becomes 

Lo = to • [ 1 ( 2 m,pf) - 2 m,p, p,)] (4.24) 

The terms in the square brackets are the moment of inertia. This quantity is not a scalar or 
a vector but a dyadic, or second-order tensor, and is given the symbol I so that equation 
(4.24) reads 

Lo = to • I (4.25) 

It is quite possible to expand the terms in the square brackets in equation (4.24) but we 
believe that it is clearer to obtain the expression for the components of Lq directly by form- 
ing the dot product of equation (4.24) or (4.25) with the unit vectors 

L , = Lo ■ I = to • I • I 

= to ■ [ (2 mfij) i ~ 2 m,p,x, ] (4.26) 

Because p, = x,i + yj + z^k it follows that p, • i = x,. 

Expanding equation (4.26) we have 

L^ = to ■ 2 [ w, ix] + y] z])i - m,x]i - my^xj - m^z^x^k ] 

= to • 2 [ w, (y,- + zH I - m,y,xj - m^z^x^k ] 

= (Si.^mfy] + z^) - (a,l.m,y,x, - to, 2 m,z,x, 

= (4-27) 

where 

/„ = 2 ffi, (y- + z- ), moment of inertia about x axis 
4 = — 2 m^y/Xj , product moment of inertia, = 4 
4 = “2 mjZjXi , product moment of inertia, = 4 

Some texts define the product moment of inertia as the negative of the above. 
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Similar expressions for and L. can be found and the results written as a matrix equa- 
tion as follows 

■4] [4 4 4] r®/ 

.4J L4 4 4J l“z. 

or, in short form, 

(^o) = Uo] (co) (4.28) 

where the symmetric square matrix [/q] is the moment of inertia matrix with respect to 
point O. 

An alternative method of obtaining the moment of inertia matrix is to use the 
vector-matrix algebra shown in Appendix 1. 

Equation (4.15), 

= - 2 p, X (m,p, X o>) 
may be written 

Lo = (e)"(4) = 4)"[2[p]:[/np]:](co) 

r 0 1 r 0 -m,z, m^y, 1 F 

= (e) 2 2 , 0 -Xj m/Zi 0 -wi/X, co,, (4.29) 

-j, Xj 0 J [ -ni^yj m,oc, 0 J L®z. 

Carrying out the matrix multiplication yields the same result as equation (4.28). 

The co-ordinate axes have been chosen arbitrarily so we now ask the question whether 
there are any preferred axes. In general the moment of momentum vector will not be paral- 
lel to the angular velocity vector. It can be seen that if a body is spiiming about an axis of 
symmetry then L will be parallel to to. Can this also be true for the general case? 

We seek a vector to such that 

Lq = A.CO 

where is a scalar constant. Thus 
(e)^ [4K®) = >. {ef (co) 
or 

{[4] - = 0 (4.30) 

This is the classical eigenvalue problem in which \ is an eigenvalue and the corresponding 
(to) is an eigenvector; note that for the eigenvector it is only the direction which is impor- 
tant - the magnitude is arbitrary. Writing equation (4.30) in full gives 

■ (4-4 4 4 1 F F ^ ' 

/„ (7„-4 4 0 ), = 0 (4.31) 

4 4 (4-4JL®J LoJ 

From the theory of homogeneous linear equations a non-trivial result is obtained when the 
determinant of the square matrix is zero. This leads to a cubic in X and therefore there are 
three roots (k,, kj and kj) and three corresponding vectors (to,, tOj and (O 3 ). Each pair of 
eigenvalues and eigenvectors satisfy equation (4.30). There are, therefore, duee equations 
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[/oKo),) - ((0,) = (0) (4.32) 

[/oKco^) - XA^2) = (0) (4.33) 

[/oK® 3) “ ^3 (fi*3) “ (0) (4.34) 



If we premultiply equation (4.32) by ( 0 ) 2 )^ and subtract equation (4.33) premultiplied by 
(( 0 |)^ the resulting scalar equation is 

(®2f [4)](ci) - (co,)^ [/oKcOj) - X, (© 2 )^( 0 ),) + X2(©,)^(©2) = 0 



Because [/q] is symmetrical the second term is the transpose of the first and as they are 
scalar they cancel. Since the product of the two vectors is independent of the order of 
multiplication we are left with 

(X 2 - X,)(© 2 )^(co,) = 0 (4.35) 



and if X, does not equal Xj then ©2 is orthogonal to ©, . The same argument is true for the 
other two pairings of vectors, which means that the eigenvectors form an orthogonal set of 
axes. 

From equation (4.32) it follows that if (© 2 )^ (© 1 ) = 0 then 

(©2)"[/o]((o,) = (©,)"[/o](0)2) = 0 (4.36) 



and similarly for the other two equations. 

We shall now construct a square matrix such that the columns are the three eigenvectors, 
that is 



[A] = [(©,) (© 2 ) (© 3 )] (4.37) 

We now use this matrix to transform the moment of inertia matrix to give 

[/po] = [A]" [/o][A] (4.38) 

A typical element of the transformed matrix is (©, )^ [7o] (©;) which, by virtue of the 
orthogonality condition in equation (4.36), is zero if i does not equal j. The matrix is there- 
fore diagonal with the diagonal elements equal to (©, )^ [7o] (©, ). 

We have shown that for any body and for any arbitrary reference point there exists a set 
of axes for which the moment of inertia matrix is diagonal. These axes are called the prin- 
cipal axes and the elements of the matrix are the principal moments of inertia. These axes 
are unique except for the degenerate case when two of the eigenvalues are identical. From 
equation (4.35) if X, = Xj then the eigenvectors are not unique but they must both be 
orthogonal to X3. With this proviso they may be chosen at will. 

An example is that for a right circular cylinder the axis of symmetry is a principal axis; 
clearly any pair of axes normal to the axis of symmetry will be a principal axis. Although it 
is not obvious a prism of square cross-section will satisfy the same criteria as the previous 
case. In fact any prism whose cross-section is a regular polygon has degenerate principal 
axes. Another useful property of symmetry is that for a body which has a plane of 
symmetry one principal axis will be normal to that plane. 

The above argument is true for any reference point in the body. We now seek a relationship 
between the moment of inertia about some arbitrary point O and that about the centre of mass 
G. If R is the position vector of G relative to O then the position of mass can be written p, 
= R + p„ where p is the position relative to G. Substitution into equation (4.24) yields 

lo = 2 m,. [ {R^ + p] + 2R- p,.) 1 - {RR + p,p,. + /Jp, + p,./?) ] 
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Remembering that S = 0 we obtain 

[q = - RR) + Sm,(p'l - p,p,) = - RR) + 1^ (4.39) 

It should be pointed out that the principal axes of Iq are only parallel to those of Ic if the shift 
of the reference point is along one of the principal axes. However, if we wish to find just the 
component about a given axis, say the x axis, by forming i • Iq ‘ * = ^ox ~ ^ ~ 

= »i (y^ + z^) + /q„ we see that it becomes the familiar parallel axes theorem. 

The other well-known theorem relating to moment of inertia is the perpendicular axes 
theorem. For a thin lamina one principal axis is normal to the plane of the lamina, the other 
two being in the plane. 

Taking the axis normal to the plane as the z axis, the moment of inertia with reference to 
point O is 

= 2: m, (x^ + y ■) = 2 m,x] + 2 m,y] 
which, for a lamina, gives 

/oz = loy + lox (4.39a) 

If the x and y axes are chosen to be the principal axes 

h= h+ /; (4.39b) 



4.6 Euler's equation for rigid body motion 

For the rotation of a rigid body about a fixed point equation (4.22) tells us that 

X (4.22) 

ot 

and because Iq is symmetrical equation (4.25) reads 

Lq = CO • Iq = Iq ■ w (4-25) 

In the general case for which the axes are fixed to the body cOr = <o. Hence combining 
equations (4.22) and (4.25) gives 



Mo = ^ ^ ^ (lo • to) = IqCO + « X (Iq • co) (4.40) 

Here we have replaced ^ by co without ambiguity because 
ot 

dco 5co 5co 

3 - = ^ + co Xco= — = co 

dr dt dt 

Choosing principal axes the moment of inertia dyadic (see Appendix 1) may be written 

lo = /,« + hjj + hkk 



or 



Uo] 



/, 0 0 ■ 

0 /2 0 

00/3. 
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In matrix form equation (4.40) is 



K 1 






0 


0 ■ 


■®.t ■ 




■ 0 


-(0, 


■ 






0 


0 ■ 




■ 


A7y 


= 


0 


h 


0 


(b. 


+ 


(0; 


0* 






0 


h 


0 




(0, 


. Mz . 




0 


0 


h. 


. . 








0 




0 


0 


h . 




<B; . 



which, on carrying out the multiplication, yields 
M, = 7,<b, - (f - f) co,xo, 

M,. = fto, - (f - (4.41) 

M. = f(b, - (7, ' 7j) (0 , (0, 

These last three equation are Eu/er ’s equations. 

For the case where the z axis is an axis of symmetry f = f the x and y axes can take any 
position, provided that the set is still orthogonal. Equation (4.40) can be now modified to 
take account of the angular velocity of the axes being 

Or = Q,i + QJ + ^,k 



+ fi,7,co, (4.42) 

Q/ico, + n.fjQ), 

It is still imperative that from the moving axes the moment of inertia is constant. Either the 
axes are fixed to the body or at least one axis is an axis of symmetry. The latter implies that 
if one axis is an axis of symmetry then the other two are equal. If the body has point sym- 
metry then ail principal moments of inertia are equal. Notice also that we have reverted to 
the partial differential for the first term on the right hand side of equation (4.42). 

The above analysis has been developed on the assumption that the reference point is fixed. 
However, the same formulation is applicable if the reference point is the centre of mass and 
is independent of any motion of the centre of mass. We need, of course, to evaluate the 
moment of inertia with respect to the centre of mass. 

4.7 Kinetic energy of a rigid body 

The total kinetic energy is E my^ and for a rigid body the velocity relative to the reference 
point is V, = e> X r,. Therefore the kinetic energy is 

r = ^ 2m,(o) X r,) • (w x r,) 

= ^ 2 m, (r, X m) • (r, X e>) 



Hence we have 
lu - J 



M, = h 






M. = 7, 



5(0; 



(4.43) 
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In vectornnatrix notation 

r = ^ Sw, {[rf(G))}"[/-r(co) (4.44) 

Now the transpose of a cross-matrix {see Appendix 1) is its negative so 
r = - ^ 2 [rf(co) 

= (co)"(2m,[rr[rr)(co) (4.45) 

Also from Appendix 1 

[rr[/-r= (r)(r)"-r'[l] 
and therefore equation (4.45) is 

r = i (co)"|2 m,(r'[l] - (r)(r)")J (o)) (4.46) 

The term in the large parentheses is recognized as the moment of inertia matrix [/]. Thus 
T=\ (<D)''[/](co) (4.47) 

If the rotation is about the z axis equation (4.43) reduces to 
r = i 2m,(co,xy - ad,yif 

= ^ co^2/w, (x^ + /) 

= 4 (4.48) 

2 

Since the choice of axis was arbitrary it follows that the kinetic energy is half the angular 
speed squared times the moment of inertia about the axis of rotation. If we write © = (oe, 
where 

e = li + mj + nk (4.49) 

is the unit vector in the direction of rotation, equation (4.47) gives 

T = ^ co'(e)^[/](e) (4.50) 

Hence 

{e)\l]{e)=I (4.51) 

where I is the moment of inertia about the axis of rotation. 

With (e) = {I m nf and noting that [/] is symmetrical, equation (4.50) expands to 

/^4 2mnly^ + 2n/4 



(4.52) 
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If principal axes are chosen then 

/"/, + mVj + nf = / (4.53) 

y y 

The equation ^ ^ ^ = 1 is the equation for an ellipsoid where a, b and c are the 

semi-major and semi-minor axes. Equation (4.52) can be put in this form by taking the 
magnitude of a radius vector in the direction of e as 1/^7 as shown in Fig. 4.6. It is seen 
that / = xf, m = yf and n = zf. 




Substituting into equation (4.53) and dividing through by I gives 

fx~ + l^y + /jz' = 1 (4.54) 

This is the equation of an ellipsoid with semi-axes l/^/,, l/fj and Vfy This is known as 
the moment of inertia ellipsoid. 

4.8 Torque-free motion of a rigid body 

From equation (4.18) we have that if the torque Mq is zero then the moment of momentum 
is constant. We shall take, as before, the reference point to be either a fixed point or the cen- 
tre of mass. The only difference is that the appropriate moment of inertia has to be used. 
Therefore 

Lq = Iq • = constant (4.55) 

Since for a rigid body there can be no internal energy losses and because there is no exter- 
nal work being done the kinetic energy will be constant 

r = ^ CO- Iq • (0 = 01 • Z.Q = constant (4.56) 

We can write 2T = |oi| |Lq| cos a, where a is the acute angle between the angular velocity 
vector and the moment of momentum vector. Therefore 

|o)|cosa = 277|Z,ol = constant 



(4.57) 
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cos a 



IT 

Lo\ |o 



(4.58) 



This says that the component of the angular velocity parallel to the fixed moment of momen- 
tum is constant. Another way of expressing this result is to note that the tip of the angular 
velocity vector lies on a fixed plane normal to the moment of momentum vector known as 
the invariable plane. 

We choose the body axes to correspond to the principal axes so that 



Lq = + l2<aj + /jw./r (4.59) 

and 

2T = 7|Co^ + 72®^ + Ii<a] (4.60) 

Also 



C£> = (D,i + CO,. 7 + (a.k 



(4.61) 



The angle between the moment of momentum vector and the z axis, p, can be found from 
73 ( 0 . 

cos P = ■ ‘ (4.62) 

I 7^0 I 

and the angle between the angular velocity vector and the z axis, y, is found from 



cos 7 = 




(4.63) 



Without loss of generality we can choose the sense of the z axis such that co. is positive, in 
which case a, p and y are all acute angles. 

Expanding equation (4.62) 



cos p = 



73 ( 0 . 

N (7fcoi + + 7]toJ) 



(4.64) 



Expanding equation (4.63) and multiplying the numerator and denominator by 

73 CO- 



COS y = 



,(7|c0i + IWy + 



(4.65) 



Now if 73 is the largest principal moment of inertia cos P > cos y and therefore y > p. If is 
the smallest principal moment of inertia p > y. 

Expanding equation (4.58) 



7 ] CO J + 72C0J + 73 cOj 
1 Lq II t0| 



(4.66) 



From the expressions for cos a, cos P and cos y it can be shown that a can never be the 
largest of the three angles. 

The justification of the last statement is dependent on the fact that not all combinations of 
the principal moment of inertia are possible. The perpendicular axes theorem as given in 
equation (4.39b) shows that for a lamina in the xy plane I. = 1^ + ly and as one principal 
axis is in the z direction we have for the principal axes that 73 = 7, + I 2 . Thus 




+ 



h 

h 



(4.67) 




Torque-free motion of a rigid body 69 



Figure 4.7 shows a plot of f/f against fff on which equation (4.67) plots as line ab. For 
a long slender rod with its axis along the 3 axis f = 0 and /, = f and is shown as point e. 
It is easy to show that rods in the y and x axes respectively are represented by points a and 
b. Lines ac and bd are for laminae in the yz and xz planes. The region enclosed by cabd is 
the allowable region for moments of inertia. 

Figure 4.8 shows the relative positions of the L, o> and k vectors for the case where f is 
smallest so that P > y. Because a can never be the largest of the three angles the arrange- 
ment must be as shown. The three vectors need not be coplanar. Figure 4.9 is similar to Fig. 
4.8 except that f is the largest so that y > p. If f has the intermediate value then either pat- 
tern is possible. 

An interesting geometrical interpretation was put forward by Poinsot in 1834. He discov- 
ered that the body could be represented by its inertia ellipsoid touching the invariable plane 
and with its centroid at a fixed distance from the plane as shown in Fig. 4.10. 

From the discussion leading to equation (4.54) the radius vector p = \fl but as IT = 
I(sf we have that p = (nf (2T). 




I, 



Fig. 4.7 Moment of inertia bounds 





Fig. 4.8 
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CD L 

If 




Fig. 4.9 





Fig. 4.10 Poinsot’s ellipsoid 



The equation for the ellipsoid can be written as 
+ hz'^ = / 

where /is a scalar function;/ = 1 is the case for the inertia ellipsoid. The gradient of f gives 
a vector which points in the direction of the normal to the surface at given value of x, y, z, 
and hence co. Thus 

grad / = ll^xi + l^yj + 2l^zk 

Now 

j /co _ co^ 

^ 

etc., so 



grad f = — ^ L 
^ V (27> 




Torque-free motion of a rigid body 1 1 

This means that the normal to the ellipsoid surface at the contact point is parallel to L and 
is therefore normal to the invariable plane. 

All the above is consistent for a body with the shape of the inertia ellipsoid rolling with- 
out slip on an invariable plane. The curve that the © vector traces out on the body is known 
as the polhode and the curve which it traces out on the invariable plane is known as the her- 
polhode. 

For a torque-free symmetrical body with /, = f we have, from Euler’s equation (4.41), 
that = constant. Equation (4.62) shows that P is constant and thus the inclination of the 
moment of inertia ellipsoid is constant. Since the distance of the origin of the ellipsoid to 
the invariable plane is constant it follows that the radius vector from the origin to the con- 
tact point is also constant and therefore the magnitude of the angular velocity is constant, its 
direction of course not being constant. From equation (4.58) we see that a is constant and 
from equation (4.63) y is constant. By forming the triple scalar product of Lq, © and k it is 
seen that the value is zero when 7, = f showing that for this case the three vectors are 
coplanar. 

Referring to Figs 4.8 and 4.9 it is clear that because all three angles are constant and the 
three vectors are coplanar both the polhode and the herpolhode are circles. These circles can 
be thought of as the bases of cones centred on the origin, the one with semi-angle a being 
the space cone and the one with semi-angle y the body cone. When f is the smallest the out- 
side of the body cone rolls on the outside of the space cone, see Fig. 4.1 1, and when f is 
the greatest the inside of the body cone rolls on the outside of the space cone, as shown in 
Fig. 4.12. 

For any given starting values of © the constants Lq and T are determined and from these 
the constant angles a, P and y can be found. The precession of the body axis around the 
moment of momentum vector can be evaluated from the kinematics of the space and body 
cones as shown in Figs 4. 1 1 and 4. 12. 

Letting the precession rate about the Lq axis be H we can write expressions for the veloc- 
ity of the point as 

— > — > 

© X (oCb) = n X (oCb) 




Fig. 4.11 = /,) 
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Equating the magnitudes, since directions are the same, gives 



|o)| |OCb| sin 7 = |ft| |OCb| sin P 



giving 



. , , sin 7 , (co, + CO, ) 

|n| - |cd| — : — ^ = |C0| 






sin p 



CO 



J/fK + <)] 



= = (0. ^ (coj/co^ + CO^/cOj + 

t\ 



(4.68) 



Now the angular velocity of the body cone relative to the precessing plane containing Lq, 
CO and k vectors is « - ft. The component in the 2 directon is 

(co - ft) • it = CO. - lft| cos P 



= CO. — 



cos p 



= 00. — /3CO-//1 
= CO, (1 - /3//1) 

This is the rotation of the body relative to the frame containing the Lq, co and k vectors. 
Therefore its negative will be the precession of the co axis relative to the body, and thus 

= co,(/ 3 //, - 1) (4.68a) 



4.9 Stability of torque-free motion 

The investigation of the stability of torque-free motion can be carried out using standard 
mathematical techniques, but the semi-graphical method which follows gives all the essen- 
tial information. 
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For torque-free motion the moment of momentum vector is constant, as is the kinetic 
energy. The square of the magnitude of the moment of momentum expressed in terms of its 
components along the principal axes is 

= l] + lI + L\ (4.69) 

and as T, = /,co^ etc. the kinetic energy T can be written 




Taking Z,, Zj ^3 as the co-ordinate axes equation (4.69) plots as a sphere of radius Z 
and equation (4.70) plots as an ellipsoid with semi-axes ^ (277,), ^ {ITf) and ^ (27/,) and 
is known as Binet 's ellipsoid. 

For convenience we choose the principal axes such that /j > /t > /,. By multiplying equa- 
tion (4.69) by /, we have 

277, = Ll + ^ L] (4.71) 

^2 h 

which is less than Z^, since 7, is the smallest moment of inertia. Therefore ^ (277, ) < Z. Sim- 
ilarly by multiplying equation (4.69) by f we show that ^ ( 2773 ) > Z. This means that the 
sphere always intersects the ellipsoid. 

Figures 4.13 to 4.16 show the form of the surfaces for various conditions. The intersec- 
tion curve is the locus of Z relative to the body axes as only points on this curve will satisfy 
both equation (4.69) and equation (4.70). The curve is obviously closed so it follows that 
the curve traced out by the angular velocity vector will also be closed, that is the polhode is 
a closed curve. We cannot say the same for the herpolhode but it can be seen that this falls 
within a fixed band. 

In Fig. 4.13 the moment of momentum vector is close to the 1 axis (smallest moment of 
inertia) and the curve tends to a circle, so for a rigid body this is a stable condition. In Fig. 
4. 16 the moment of momentum vector is close to the 3 axis (the maximum moment of iner- 
tia) and again the intersection curve tends to a circle and stable motion. When the moment 
of momentum vector is close to the 2 axis (the intermediate moment of inertia) the inter- 
section curve is long and wanders over a large portion of the surface, as shown in Figs 4.14 
and 4.15. This indicates an unstable motion. 

So far we have considered the body to be rigid and torque free. In the case of a non-rigid 
body any small amount of flexing will dissipate energy whilst the moment of momentum 




Fig. 4.13 Binet diagram: ellipsoid principal axes 1 ,2,3, sphere radius 1.1 
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Fig. 4.14 Binet diagram: ellipsoid principal axes 1,2,3, sphere radius 1.95 



3 




Fig. 4.15 Binet diagram: ellipsoid principal axes 1,2,3, sphere radius 2.05 




Fig. 4.16 Binet diagram: ellipsoid principal axes 3,2,1, sphere radius 2.6 



remains constant. A similar situation occurs when tidal effects are present. In both cases it 
is assumed that variations from the nominal shape are small. 

The general effect is that Binet’s ellipsoid will slowly shrink. For the case of rotation 
about the 3 axis the intersection curve reduces and the motion remains stable, but in the case 
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of rotation close to the 1 axis the intersection curve will slowly increase in size leading to 
an unstable condition. Rotation close to the 2 axis is unstable under all conditions. 

4.10 Euler's angles 

The previous sections have been concerned, for the most part, with setting up the equa- 
tions of motion and looking at the properties of a rigid body. Some insight to the solution 
of these equations was gained by means of Poinsot’s construction for the case of torque- 
free motion. 

The equations obtained involved the components of angular velocity and acceleration but 
they cannot be integrated to yield angles because the co-ordinate axes are changing in direc- 
tion so that finite rotation about any of the body axes has no meaning. 

We are now going to express the angular velocity in terms of angles which can uniquely 
define the orientation of the body. Such a set are Euler’s angles which we now define. 

Figure 4.17 shows a body rotating about a fixed point O (or its centre of mass). The ATZ 
axes are an inertial set with origin O. The xyz axes are, in the general case, attached to the 
body. If the body has an axis of symmetry then this is chosen to be the z axis. Starting with 
XYZ and the xyz coincident we impose a rotation of 0 about the Z axis. There then follows 
a rotation of 0 about the new x axis (the x' axis) and finally we give a rotation of 6 about the 
final z axis. 

The angular velocity vector is 



o> = qK + 6 /' + 


(4.72) 


where K is the unit vector in the Z direction, 1 ' 
the unit vector in the z direction. 


is the unit vector in the x' direction and k is 


From the figure we see that 




K = cos (0) k + sin (0) j' 


(4.73) 


j" = cos (v|/) j + sin (y) / 


(4.74) 


/' = cos (\|/) / - sin (\|/) j 


(4.75) 




Fig. 4.17 
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Thus 



K = cos (0) k + sin (0) cos (\|/) j + sin (0) sin (\j/) i (4.76) 

Writing 

w = (Ofi + 0yj + (4.77) 

and substituting for K and i' in equation (4.72) gives 
cOj = 0 sin 0 sin \)/ + 0 cos vj/ + 0 

a)^, = 0 sin 0 cos y - 0 sin \j/ +0 (4.78) 

CO, = 0 cos 0 +0 + vjc 

4.11 The symmetrical body 

The equation for angular velocity given in the previous section, even when used in con- 
junction with principal co-ordinates, leads to lengthy expressions when substituted into 
Euler’s equations or Lagrange’s equations. For the body whose axis of symmetry is the z 
axis (so that I 2 - I \) the xyz axes need not be rotated about the z axis. This means that for 
the axes is zero. Nevertheless the body still has an angular velocity component \jc about 
the z axis. 

For the axes 

Or = Vlji + ^yj + n. k 

where 

fix = 0 

Cly -0 sin 0 (4.79) 

Clz = 0 cos 0 
For the body 
= 0 

( 0 ,, = 0sin0 (4.80) 

CO, = 0COS 0 + \j/ 

These terms may now be inserted into the modified Euler’s equations (4.42) to give 
A/j = 7,0 - (7, - ly) 0 sin 0 cos 0 + 7301}/ sin 0 

My = 7, (0 sin 0 + 00 cos 0) - (7j - 7,) 00 cos 0 -7^ (4.81) 

My = ly— (0 cos 0 + vj/) 

Alternatively we can write an expression for the kinetic energy 
T- ^ T 2^1, 2 . 1 , 2 

T = 2^1®. + 2^'“' ^ 2'^^®" 

and substituting the angular velocities from equation (4.80) gives 
T - sin^^ (ocos 0 + y)^ 



(4.82) 
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It is interesting to note that use of equation (4.78) gives the same result because (ca] + ©^) 
does not contain \|/. 

We now consider the classic case of the symmetric top in a gravitational field -gK. 
Figure 4.18 shows the relevant data. 

The torque is 

- fngh sin(0) i (4.83) 

and the potential energy 

V = mgh cos 6 (4.84) 

We choose to use Lagrange’s equations because they yield some first integrals in a con- 
venient form. The Lagrangian (I = T - F) is 

1 = 2 2 ^ ^ (0 cos 6 + v)^ — mgh cos 0 (4.85) 



Irom which we see that neither x|/ nor 0 appear explicitly in the Lagrangian (they are cyclic 
or ignorable). Therefore we have two first integrals of the motion in the form of constant 
generalized momenta 







(y + 0 cos 6) = constant 



(4.86) 



and 



-2 • • 

Pj, = ^ = /, 0 sin 9 + /j (vj/ + 0 cos 0) cos 0 

= /, 0 sin^ 0 + cos 0 = constant (4.87) 

Because time does not appear explicitly in the Lagrangian the energy, E, is constant 

£ = ^ /|0^ + ^ 7,0^sin^0 + ^ /j (0 cos 0 + vj/)^ + mgh cos 9 (4.88) 




Fig. 4.18 
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Substituting equations (4.86) and (4.8.7) into (4.88) gives 
1 -2 ~ df pi 

^ 2 /, sitf e — 2i, * 

Equation (4.89) can be rearranged in the following form 

E' = ^ 7,0^ + r (0) 



where the constant 



Pv 

E' = E — — is the effective energy and 

27j 

(P« - Pv cos 6)^ 



(4.90) 

(4.91) 



which is a function of 9 only and may be considered to be a ‘pseudo’ potential energy. A 
typical plot of V and E' against 9 is shown in Fig. 4.19. In this case the shaded area is the 
region where 9^ is positive and is therefore the only possible values of 9 for the given initial 
conditions. It is seen that 9 oscillates between levels 9, and 9j whilst 9j is the value of 9 
where 9 = 0. 

We shall next generate Lagrange’s equation for 9 as the generalized co-ordinate 



A / ^ 

d7 \ ^ / ^ 



The right hand side is zero because it is assumed that there is no friction or other forces 
applied; the effect of gravity is covered by the potential energy term. 

Thus 

7,9 - [7,0^ sin 9 cos 9 - 7j (0 cos 9 + \jf) (0 sin 9) + mgh sin 9 ] (4.92) 

Now from equation (4.86) 

7j (0 cos 9 + \j/) = 



Spin speed 
Critical spin speed 




Fig. 4.19 
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Therefore 



/i0 = + 7,0^ cos 0 + mgh) sin 0 = 0 



(4.93) 



For 0 = 0 and 0 not equal to zero 

— /3CO-0 + 7|0^ cos 0 + mgh = 0 (4.94) 

This expression is valid for 6 = 0 and is independent of 0 so it is true for the case of steady 
precession where 0 = 0. 

It is convenient to rewrite equation (4.94) as 



cos 0 = 



/3C0, 





(4.95) 



A plot of cos 0 against 1/ 0 is shown in Fig. 4.20. The maximum value for cos 0 is found 
by equating the slope of the curve to zero, 



dcos0 Imgh I 1 \ 

d{l/ 0 ) 7, 7, U) ^ 



(4.96) 



so the maximum occurs when 



7/0 = 1 ^( 0 . /2mgh 

and the maximum value for cos 6 is 



cos 0 



max 




4/ng/j7| 



(4.97) 

(4.98) 



For the special case of 0 = 0 the minimum value of co^ that will maintain stable motion with 
the axis vertical is 



= ,(4mg7,/7^3) (4.99) 

This condition is that of the ‘sleeping top’. 

The motion of the z axis can be found by numerically integrating equation (4.93) in con- 
junction with equation (4.87) to generate 0 and 0 as functions of time. Some typical results 
are shown in Figs 4.2 1 to 4.24. If the initial processional speed is that corresponding to those 
for steady precession then a circular motion is achieved. The time for one revolution about 



CO 




6.5 r ad/ s 



mgh = 80 Nm 
1^ = Ikgm^ 
I ^ = I 2 kg m^ 
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the Z axis for initial speeds not equal to a steady precessional speed varies slightly for small 
oscillations of 0 and when 0 is in the range 0 to a little above the slow precessional speed. 
A plot of the ratio of precessional time to time for steady precession against initial preces- 
sional speed is shown in Fig. 4.25. 

4.12 Forced precession 

So far we have considered the body to be free to respond to applied torques, or the absence 
of torque. A much simpler problem is to determine the torques required to give a prescribed 
motion to a body. We shall tackle a specific problem and find the solution by the direct appli- 
cation of first principles. 

Figure 4.26 depicts a rigid symmetrical wheel W which runs, with negligible friction, on 
axle A. The axle is freely pivoted to a block which is free to rotate about the vertical Z axis. 
The wheel is rotating relative to the axle at a speed vj/ and the whole assembly is rotated 






spin speed 




Fig. 4.25 
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Z 




about the Z axis at a constant angular speed of 0 . The moment of inertia of the wheel about 
its axis, the z axis, is and the moment of inertia of the wheel and axle about the y and x 
axes is /,. 

EXAMPLE 

Determine the torque which must be applied to the axle about the x axis so that 
the angle 6 is maintained constant. 

The angular velocity about the z axis is 

V + 0 cos 0 = cOj (i) 

and the angular velocity about the / axis is 0 sin 6. 

The moment of momentum vector is 

Lq = 7,0 sin(0)_/ + /jCO^A: (ii) 

From Figs 4.26 and 4.27 we see that the change in the moment of momentum 
vector is 

/jCO- sin 0 d 0 I - 7,0 sin 0 cos 0 do / = dZ-o 



X 




Fig. 4.27 
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Thus 

dio 

Mq = = (/3CD.0 - /|0 cos 6) sin ( 0 ) 1 (iii) 

but the torque about 0 is 

Mo = {mgh sin 0 + Q^) i (iv) 

Equating torques from equations (iii) and (iv) gives 

= {lidi-id - 7,0^ cos 0 - mgh) sin 0 (v) 

which is the required holding torque. Since there is no torque about the z axis /jco^ 
= (3 (y + d cos 0) = constant. 

If is zero we replicate equation ( 4 . 94 ). 



4.13 Epilogue 

The reader may well feel at this point that some new basic principle has been uncovered 
owing to the somewhat unexpected behaviour of rotating rigid bodies. We appear to come a 
long way from Newton’s laws of motion with notions such as the moment of inertia tensor 
and the need for three-dimensional rotating axes. The fact that torques do not just produce 
angular accelerations in a straightforward analogy with particle dynamics seems to require 
reconciliation. 

A simple example will serve to illustrate the origins of gyroscopic behaviour. Figure 4.28 
shows two identical satellites in circular orbit about a massive central body, the satellites 
being diametrically opposed. At the same instant the satellites receive impulses, A7, normal 
to the plane of the orbit but in opposite senses. The effect of these impulses is to give each 
satellite a velocity of A7/m in the same direction as the impulse. If the initial tangential 
velocity is V then the change in direction of the path do = dJI{m V). This is the simple par- 
ticle dynamic solution. However, we can regard the system as originally rotating about the 



z 




Fig. 4.28 
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z axis; the pair of impulses constitute a couple about the x axis yet the plane of rotation has 
rotated about they axis. 

We could solve the problem by equating the impulsive couple to the change in moment 
of momentum, that is 

Modt = ALq 

^{2r)i = 7-Co.d0 i 

Thus 

AJ2r = (2mr){V/r) do 

giving 

do = AJI{mV) 
as expected. 
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5.1 Introduction 

A vehicle in this chapter is taken to be one which travels on land, in the air or in space. The pur- 
pose of the chapter is to bring out some of the characteristic dynamics in the particular domain. 

Satellite motion is typified by the motion of a small body about a large body under the 
action of a central force. However, for the two-body problem the restriction of one body 
being significantly smaller than the other is not restrictive because when considering the 
relative motion of two bodies the equations for relative motion are the same as those per- 
taining to one small body in orbit about a large one. 

5.2 Gravitational potential 

Before considering the motion of bodies under gravity it is necessary to look at the distinc- 
tion between centre of mass and centre of gravity. If the gravitational field is imiform then 
the two centres will coincide. One important result which, so far, we have taken for granted 
is that for a uniform, spherical body the centre of gravity is at the geometric centre; as is the 
centre of mass. 

The quickest method of proving the last statement is to utilize the concept of gravitational 
potential. The change in potential is defined to be the negative of the work done by the force 
of gravity acting on a unit mass at some point P. Figure 5.1 shows a mass m and a unit mass 
at point P. Therefore the change in potential is 

dF = -Fdr = -|-.^jdr (5.1) 

Thus 

F = /-^dr = -^ + constant (5.2) 

f-2 r 

Because ultimately only the differences in potential are required the additive constant can 
take any convenient value. In this case we shall make the constant equal to zero. 

Note that here F is the potential energy for a unit mass at the point P (or, the work done 
divided by the mass at P) and is therefore described as the gravitational potential at the 
point P. In many texts - F is called the gravitational potential. 
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Fig. 5.1 



If there are many masses then, since the potential is a scalar function of position, the total 
potential is 




From the definition of the potential the force in the r direction is 



Fr = 



dV 

~SF 



(5.3) 



and using the chain rule for diiferentiation 

F = -1^ dx ^ dV ^ dV dz\ 

'■ ~SF dy ’dr’ dz "3rj 

The unit vector in the r direction, e^, can be expressed in terms of the Cartesian unit vectors 
as 



_ dx . . dy dz . 



so 



= -<f '■ f ^ f *1-^ 



or 



E = -Fe. 



We define the gravitational field strength, g, as the force acting on a unit mass. Therefore g 
= F and thus 






or, using the definition of the gradient of a scalar. 



g = - VV = -gradF 



(5.4) 



We shall now use the potential to find the field due to a thin hollow shell as shown in Fig. 
5.2. The density of the material is p, the shell thickness is t and its radius is R. The point P 
is situated a distance x from the centre of the shell and all points on the elemental annular 
ring are a distance r from P. 
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P 



Fig. 5.2 



The mass of the annular ring is 
d/M = p2jri?sin0 R6B t 
so the potential at P due to the ring is 

Gp2rti?^r sin6 d0 

aV = — 

r 

Now the mass of the whole shell is 
m = pAn^t 
Therefore 

Gm sin0 d0 
Using the cosine rule 



r^ = X — 2itccos0 



and differentiating gives 
2r dr = IRx sin0 d0 



Substituting equation (5.7) into equation (5.5) gives 
2xR 

Integration produces 



'2 

F = - f -^dr = -r[ 

] 2xR 2xR 



For the case as shown r-, = x + R and r, = x — R. Thus 



F = 



(5.5) 

(5.6) 

(5.7) 

(5.7a) 

(5.8) 



which is identical to the result for a point mass of m at the centre. Applying equation (5.4) 
to equation (5.8) 
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Fig. 53 



g = 




(5.9) 



If the point P is inside the shell we must re-examine the limits. By the definition of poten- 
tial r must be positive so, from Fig. 5.3, we have that 

/*2 = /? + jc and = R - X 

which, when substituted into equation (5.7a), gives 




which is constant for any point inside the shell. From equation (5.4) it follows that the field 
is zero. 

For a body comprising concentric spherical shells the field outside the body will be as if 
all the mass is concentrated at the centre. The field inside the body will be due only to the 
mass which is at a radius smaller than the distance of P from the centre, the outer shells mak- 
ing no contribution. If a body, of radius R, has a uniform density then the field at radius a 
{a < R) will be 

g - Gp — na^~ = Gp — 710 (5.11) 

3 o' 3 

From the above arguments it can be seen that two spherically symmetric bodies will attract 
each other as if each was a point mass concentrated at their respective centres. 



5.3 The two-body problem 

Figure 5.4 shows two spherical bodies under the action of equal but opposite central 
forces Fi 2 and i^,. The centre of mass lies along the line joining the centres at a position 
such that 



= /« 2^2 

With the separation of the bodies being s then we can define a mass p so that 
m,r, = /« 2''2 = ILS 



(5.12) 
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Now 



5 = r, 



IIS as /I 
r, = — + — = as — 
2 m2 ^1/M, 




Therefore 



1^1 1 
~jF In^ ~m^ 



(5.13) 



By conservation of momentum the centre of mass will be unaccelerated and this will 
initially be chosen as the origin. By conservation of moment of momentum we can fix a 
direction for one of the inertial axes. The moment of momentum vector can be written as 
two components, one along the line joining the centres and one normal to it. The component 
along the line will be due to the spin of the bodies and this will have no effect on the moment 
of momentum normal to the line. It follows that the motion of the two bodies will be con- 
fined to the plane which contains the line of centres and has as its normal. 

We can now write the equations of motion for the two masses in polar co-ordinates. 
Resolving radially we have 

IFijI = m|(oV, - = mjoi^rj - ^ 2^2 (5.14) 

and taking moments about the centre of mass (C of M) gives 

0 = /ni(riQ) + 2(or|) = /W2(r2(b + 2(or2) 



or 



r, at 



W|r,(o| = 



w 



m2r2(o 



Substituting equation (5.12) into equation (5.14) gives 



|F,2| = PG>5 + IXS' 



Now 



L„ = m,r](o + m^rlo) 



(5.15) 

(5.16) 
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and again using equation 5.12 

La - fisri© + |isr2C0 = |iyco(ri + r-^ 

= Its© (5.17) 

So we see that the motion is identical to that of a body of mass g at a distance s from a 
fixed body. The quantity g is known as the reduced mass. We shall now consider the central 
force problem because any two-mass system can be replaced by a single mass under the 
action of a central force. 



5.4 The central force problem 



Figure 5.5 shows a body of mass m at a distance r from the origin of a central force F{r) act- 
ing towards the origin. As already discussed the motion is in a plane so we can write the 
equations of motion directly in polar co-ordinates. 

In the radial direction 

-F{r) = mr - mrQ (5.18) 



and normal to the radius 



0 = mrB + m2rQ 



= 1 d 

r ~Si 




(5.19) 



Now mr^Q = £ is the moment of momentum and therefore constant. Eliminating 0 in equa- 
tion (5.18) leads to 



—F{r) = mr 



3 

mr 



Dividing through by m we have 

-f[r) = r (5.20) 

r 

where L is the moment of momentum per unit mass./(r) is the central force per unit mass; 
let this force be Kr\ Noting that r = rdr/dr, integrating equation (5.20) with respect to r 
provides 

jr n~^ 1 *2 y *2 

= !L + - E (5.21) 

(rt+1) 2 2r 

or, if rt = — 1 , 




Fig. 5.5 
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-^log(r) = ^ + - e‘ 

2 2r 

where the constant E has the dimensions of energy per unit mass. 
Equations (5.21) and (5.21a) may be written 



Kr” 



or, with n = 



(«+l) 

- 1 , 



2r 



+ E 



•2 

r _ 



= - /:iog(r) + 



2r 



+ E 



= -‘r + £ 



(5.21a) 



(5.22) 



The terms in the large parentheses can be regarded as a pseudo potential ‘V\ A plot of ‘ V' 
versus radius for various integer values of n is given in Fig. 5.6. It is seen that for certain 
values of n the curve exhibits a minimum and for others a maximum. Simple differentiation 
of ‘ V' with respect to r reveals that for « > —3 the curve has a minimum and for n < —3 the 
curve has a maximum. The curves are drawn for a fixed value of moment of momentum and 
all (bar n = -3) show that for some range of values of E there are two value of r for r = 
0. In the cases where ‘ V exhibits a minimum the value of r^ > 0 giving a real value for r 
and thus stable motion occurs between the inner and outer bounds. The motion is said to be 
bounded. 

We now wish to know which values of n lead to closed orbits, that is orbits which repeat 
themselves after an integer number of orbits. A useful change of variable is r = 1 /«. 

Differentiation with respect to t gives 

dr _ _ 1 d« A 
dt d0 

Now 

L = r‘0 = %!u 



n — 6 n = 3 n= 2 




Fig. 5.6 Constant chosen to give non-intersecting curves. 
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and therefore 



and 



d/- _ _ dt/ 
dr d0 



d r ^ _ d« ^-0 



d/2 



d02 



= -i"lV 

d02 

Substitution of equation (5.23) into equation (5.20) gives 



-Ku" = 



d « r*2 2 ;.*2 3 

-305^“'^" 



or 



d« . _ K , -(«+2) 

d02 “ i:*2 “ 



If u is constant, that is a circular orbit of inverse radius Uq, then 



_ K 

u = Uq - pr“o 



-(' 1 + 2 ) 



(5.23) 



(5.24) 



Let us now assume that u = Uq + e(0) where e is small. 

Substitution into equation (5.24) leads to 

W Z*2 ^ ® ^ 

Expanding the right hand side by the binomial theorem and neglecting terms above the first 
order gives 

K 






d02 



= — (n + 2)e 



1 - (n+2)e/u^ 



-Un 



SO 

^ + (3 + «).! = 0 ( 5 . 25 ) 

This is the equation of simple harmonic motion (SHM) with the solution 

e = eo cos ipQ + 0 ) (5.26) 

where p = VQ + n), 0 is a constant of integration and 80 is a small amplitude. From this it 
is clear that n must be greater than -3 for sinusoidal error motion, which agrees with the 
result obtained from the pseudo potential. We may further argue that if the orbit is closed 
after one cycle then p must be an integer so that 

p^ = 2 + n 



or 

n = p — 3 
Some of the values are 
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p = 1 


n = 


-2 


<N 

II 


n = 


1 


p = 3 


n = 


6 


p = 4 


n = 


13 



Notice that the only negative value of n is —2, which is the inverse square law. The second 
value with « = 1 is Hooke’s law. 

If we let p be the ratio of two integers then a further series of non-integer values of n are 
generated which indicate paths which close after a finite number of orbits. However, more 
detailed analysis carried out by Bertrand in 1873 leads to the conclusion that for large devi- 
ations from the circular orbit only the inverse square law and Hooke’s law generate closed 
orbits. Numerical integration of equation (5.24) supports this theory. See Figs 5.7(a) and 
5.7(b). 



base circle 




(^) , orbit 




n = 6 n = 13 

Fig. 5.7 (a) Apsides stationary, (b) Apsides precess slowly. 

Astronomical observations have to date revealed only closed orbits other than deviations 
due to extra bodies or the effects of Einstein’s theory of relativity. This lends weight to the 
belief that the inverse square law of gravitational attraction is universal. 

5.5 Satellite motion 

We shall now consider the case for n = -2, that is the inverse square law of attraction. 
Equation (5.24) becomes 
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d« 

d0^ 



+ 




the solution to which is 



(5.27) 



u - A cos(0 + 0 ) + 

where A and 0 are constants. Choosing the constant 0 to be zero we have 

-p = ^ COS0 + ^ (5.28) 

The locus definition of a conic is that the distance from some point known as the focus is 
a fixed multiple of the distance of that point from a line called the directrix. From Fig. 5.8 
we have 



r = ed (5.29) 

where the positive constant e is known as the eccentricity. Also 

rcos(0) + d = D (5.30) 

at 0 = 7 i/2 



r = I = eD (5.31) 

where the length / is the distance to a point called the latus rectum. Substituting equation 
(5.31) into equation (5.30) and rearranging gives 



1 = 1 + 
r 7 


J COS0 




or 






1 = '^ 


ecos0 


(5.32) 


At0 = 0 






r = ^*1 = 


1 


(5.33) 


^ ' 1 

and at 0 = K 


1 + e 


r zz zz 


/ 


(5.34) 




1 - e 



lotus rectum 




Fig. 5.8 
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Since r is positive this expression is only valid for e < 1 . 

So for e < 1 

r, + r; = (5,35) 

The type of conic is determined by the value of the eccentricity. If e = 0 then r^ = = 

I is the radius of a circle. If e = 1 then rj goes to infinity and the curve is a parabola. For 0 
< e < 1 the curve is an ellipse and for e> 1 an hyperbola is generated. 

For an ellipse, as shown in Fig. 5.9, r, + rj = 2a where a is the semi-major axis. From 
equation (5.35) 

(5.36) 



The length CF is 



a - r, = 






1 + e 



We notice that if cos 0 = ~e equation (5.32) gives 

1 = I - e^ 
r 

which by inspection of equation (5.36) shows that r = a. 

From Fig. 5.9 it follows that triangle FCB is a right-angled triangle with h the semi-minor 
axis. Therefore 



b = 'f {a - e^a^) = a-/(l - e^) 

Comparing equation (5.28) with equation (5.32) we see that 

1 = 1 ^ 

K 



(5.37) 



(5.38) 



The energy equation for a unit mass in an inverse square law force field {see equation (5.2 1)) 



L + L 



(5.39) 



and when the radial component of the velocity is zero (r = 0) equation (5.39) becomes the 
quadratic 




Fig. 5.9 
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IEV + IKr - I*' = 0 
The values of r satisfying this equation are 
^ -2K ± 

^ 4Z 

For real roots AK^ + > 0 or 

> ~4r ( 5 - 40 ) 

The sum of the two roots, r, and rj, is 

'-1 + ^2 = -A (5.41) 

If both roots are positive, as they are for elliptic motion, then E* must be negative since K is 
a positive constant. For circular motion the roots are equal and thus 
* 

E = —V (5-42) 

2L^ 

Using equations (5.36) and (5.38) 

' ^ ^ ^(1 - e ^) 



Therefore equating expressions 
K 2L^ 



K(\ - e^) 

for the sum of the roots from equation (5.41) 



giving 



K(l - e^) 



2L^E’ 



^2 = 1+ (5.43) 

Figure 5.10 summarizes the relationship between eccentricity and energy. 

Our next task is to find expressions involving time. Starting with equation (5.32) and the 
fact that the moment of momentum is constant we write 

— = \ + e COS0 



L = r^0 = constant 




Fig. 5.10 




Satellite motion 97 



Therefore 

d0 _ Z.*(l + e cosQf 

”d7 /2 




de 

(1 + ecosQf 



(5.44) 



Evaluation of this integral will give time as a function of angle after which equation (5.32) 
will furnish the radius. 

For elliptic orbits a graphical construction leads to a simple solution of the problem. In 
Fig. 5.11a circle of radius a, the semi-major axis, is drawn centred at the centre of the 
ellipse. The line PQ is normal to a. The area FQA = area CQA - area CFQ 



areaFQA = -^0 - -Lae a sine 



Now 



area FPA = A = area FQA X bla 
Thus the area swept out by the radius r is 

Now 



^ ^(0 
2 ^ 


- e sine) 


(5.45) 


- 1 2A 

--re 


= M 

dr 


(5.46) 



This is Kepler’s second law of planetary motion, which states that the rate at which area is 
being swept by the radius vector is constant. Combining equations (5.45) and (5.46) and 
integrating gives 



4-< = .4 = 

2 2 



e sino) 

Using equations (5.37) and (5.38) 




Fig. 5.11 
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in 

t - (0 - e sin. 0 ) 

From Fig. 5.1 1 we have 
(asin0)Z>/a = rsinO 
Substituting for r from equation (5.32) 



(5.47) 



- ^sin0 _ 
sm0 = ^ 



/ sin0 



h Z^(l + ecos0) 

and finally, combining equations (5.36) and (5.37) gives 
Hh = ■/(!- e^) 
so that 

_ /(I - eVsin0 

(1 + e COS0) 

Equations (5.47) and (5.48) are sufficient to calculate r as a function of 0 but it is more accu- 
rate to use half-angle format. 

Let T = tan(0/2) so that 

sin 0 = 



(5.48) 



1 + 



and 



COS0 = ^ ^ 



sin 0 = 



1 + 

Substituting into equation 5.48 gives 

■/(I - e^)2t 
(1 + T^) + e(l - T^) 

•/(I - g^)2x 
(I + e) + T^(l - e) 

2t\[( 1 - e)/(l + e)] 

1 + {x,[(l - e)/(l + e)Y 



Now 



2 tan( 0 / 2 ) 

sino = 



1 -t- tan^( 0 / 2 ) 

Comparison of equations (5.49) and (5.50) shows that 

Equation (5.47) may now be written as 



t = 



3/1 



Vk 



2 arctan 



tan(0/2) 



1 - e) 



ef(\ - e^)sin(0) 



fi\ + e) )] ( 1 + e cos 0) 



(5.49) 



(5.50) 



(5.51) 



(5.52) 



which holds for 0 ^ e < 1. Figure 5.12 shows plots of 0 versus a non-dimensional time for 
various values of eccentricity. 
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n 



e 



0 




Fig. 5.12 



71 



From equation (5.47), since 0 ranges from 0 to 2n, the time for one orbit is 

~ J/2 

T = (5.53) 

from which a this is Kepler’s third law. The first law was that the orbits of the planets 
about the Sun are ellipses. The second law is true for any central force problem whilst the 
first and third require that the law be an inverse square. The closure of the orbits also 
strongly supports the inverse square law as previously discussed. 

For a parabolic path, e = 1, we return to equation (5.44) and note that I = L IK so 
that 

^ ^ l^ de 

VK ^0 (I + e cos0)^ 

Making a substitution of t = tan(0/2) leads to 



e 



0 





Fig. 5.13 Time for parabolic and hyperbolic trajectories 
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t 



_ f dx 
fK J 2/(1 + x^) 



= (x/2 + x^/6) i. 



i/2 






iSa 

fK 



1 tan(0/2) + ltan\e/2) 



(5.54) 



For hyperbolic orbits, e> 1, the integration follows the method as above but is somewhat 
longer. The result of the integration is 





’ ef{e - l)sin0 


-In/Ae+I) + f{e- l)tan(0/2)\l 


fKW - If' 


1 + e cos 0 


U(^+ 1) - f{e - l)tan(0/2)/. 



(5.55) 



Plots of equation (5.55), including equation (5.54), for different values of e are shown in Fig. 
5.13. 



5.6 Effects of oblateness 



In the previous section we considered the interaction of two objects each possessing spher- 
ical symmetry. The Earth is approximately an oblate spheroid such that the moment of iner- 
tia about the spin axis is greater than that about a diameter. This means that the resultant 
attractive force is not always directed towards the geometric centre so that there may be a 
component of force normal to the ideal orbital plane. 

For a satellite that is not spherical the centre of gravity will be slightly closer to the Earth 
than its centre of mass thereby causing the satellite’s orientation to oscillate. 

We first consider a general group of particles, as shown in Fig. 5.14, and use equation 
(5.3) to find the gravitational potential at point P. From the figure /?=/», + r, where /», is 
the position of mass w, from the centre of mass. Thus 



F = 



Gm, 

G/n, 

W + - IpcR) 



(5.56) 



The binomial theorem gives 




Fig. 5.14 




Effects of oblateness 1 0 1 



(1 + 



2 2 2 2 



(5.57) 



so equation (5.56), assuming i? > p, can be written 



Gnij 


1 


p] ^ 2prR ^3(p] 




• 


R 




2R^ 2R^ 8U^ 


R^ 1 





As a further approximation we shall ignore all terms which include p to a power greater than 
2. We now sum for all particles in the group and note that, by definition of the centre of 
mass, = 0. Thus 

F . . II 

R[ 2R^ 8 \ R j. 

= + Jr(32'”. (e-pM-e) - 2”,P?| (5-58) 



where the imit vector e = R/R. 

The term in the large parentheses may be written 

e-^l^niiPiPi - 22/w,p?lj e 
By equation (4.24) the moment of inertia dyadic is 

/ = S(/n,ph - m,AA) 
and by definition if /», = x,i + yj + z, A: then 

f = ^m^y] + Z-) 

I, = + x^) 

L = ^m{x] + y]) 

so that 

/, + 7 , + /, = 2 ^{x] ^y] + z]) = 219] 

This is a scalar and is therefore invariant under the transformation of axes. Thus it will also 
equal the sum of the principal moments of inertia. 

Using this information equation (5.58) becomes 

V = ^ ^ [31 - (7, + 7^ + h)ne 

K ZK 



' - (/' * /J>1 13.59) 

K ZK 

where f is the moment of inertia about the centre of mass and in the direction of R. 

Let us now consider the special case of a body with an axis of symmetry, that is 7, = f. 
Taking e = li + mj + nk where /, m and n are the direction cosines of R relative to the 
principal axes, in terms of principal axes the inertia dyadic is 

I = i7,i + jEJ + kfk 
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Thus 

e.\.e = l^I^ + + nf 

= (1 - /iV, + n% 

Finally equation (5.59) is 

y = ^ [3(1 - + 3nV, - 21, - /,] 

= ^ (3n" - l)(/j - A) (5.60) 

Referring to Fig. 5. 1 5 we see that n = cosy where y is the angle between the figure axis and 
R. Also from Fig. 5.15 we have that 

cosy = e.e^ - [cos(v)/ + sin(\|;)y]‘[sin(0)i + cos(0)it) 

= cos\|/sin0 (5.61) 

Substituting equation (5.61) into equation (5.60) gives 

V = - ^ (3sin^0cosV “ 0(^3 ~ I\) (5.62) 

R 2R 

The first term of equation (5.62) is the potential due to a spherical body and the sec- 
ond term is the approximate correction for oblateness. It is assumed that this has only 
a small elfect on the orbit so that we may take an average value for cos^v(/ over a com- 
plete orbit which is 1/2. Also, by replacing sin^0 with 1 - cos^0 equation (5.62) may 
be written as 

We shall consider a ring of satellites with a total mass of p on the assumption that motion 
of the ring will be the same as that for any individual satellite. Also the motion of the ring 
is identical to the motion of the orbit. The potential energy will then be 



n 



Y 



X 

X 





Fig. 5.15 
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F = uF = 

R 2R^ 



|cOS^0j(/3 - /,) 



(5.63) 



We can study the motion of the satellite ring in the same way as we treated the precession 
of a symmetrical rigid body in section 4.11, The moment of inertia of the ring about its cen- 
tral axis is and that about the diameter is \iR^/2. Thus, referring to Fig. 5.15, the kinetic 
energy is 



4 4 



0 sin9‘ 



\iR 



\|/ + 0 cos6 



and the Lagrangian 1 = 7- V. 

Because \(/ is an ignorable co-ordinate 

d'T 2 

— ^ (\j/ +0 COS0) = constant 

5v|/ 



(5.64) 



so that 

(\|/ + 0 COS0) = 0)3 = constant 
With 0 as the generalized co-ordinate 

p./?^0 + + 0 cos 0)0 sin0 - 

+ J^(3sin0cos0)(/3 - /,) = 0 
2R 

For steady precession 0 = 0 and neglecting 0 % since we assume that 0 is small, we obtain, 
after dividing through by psin0, 

r \0 + _^3 cos(0)(/3 - /,) = 0 

2R^ 



n2-2 

p/? 0 



sin0cos0 



or 



0 = ^3cos(0)(/3 - /,) (5.65) 

2R^(x>i 

This precession is the result of torque applied to the satellite ring, or more specifically a 
force acting normal to the radius R. There is, of course, the equal and opposite torque 
applied to the Earth which in the case of artificial satellites is negligible. However, the effect 
of the Moon is sufficient to produce small but significant precession of the Earth. 



5.7 Rocket in free space 

We shall now study the dynamics of a rocket in a gravitational field but without any aero- 
dynamic forces being applied. The rocket will be assumed to be symmetrical and not rotat- 
ing about its longitudinal axis. Under these circumstances the motion will be planar. 
Referring to Fig. 5.16 the XYZ axes are inertial with Y vertical. The xyz axes are fixed to the 
rocket body with the origin being the current centre of mass. Because of the large amount 
of fuel involved the centre of mass will not be a fixed point in the body. However, Newton’s 




X 



Fig. 5.16(a) and (b) 



laws, in the form of equations (1.51) and (1.53b), apply to a constant amount of matter so 
great care is needed in setting up the model. 

At a given time we shall consider that fuel is being consumed at a fixed rate, m, from a 
location B a distance b from the centre of mass and ejected at a nozzle located / from the 
centre of mass. Let the mass of a small amount of fuel at location B be nif and the total mass 
of the rocket at that time be m. The mass of the rocket structure is mo = m - Wf. The mass 
of burnt fuel in the exhaust is and is taken to be vanishingly small, its rate of generation 
being, of course, rh. The speed of the exhaust relative to the rocket is y, . 

The angle that the rocket axis, the x axis, makes with the horizontal is 9 and its time rate 
of change is co. The angular velocity of the xyz axes will be tak. If the linear momentum is 
p then 

^ = — + (okX p = mg (5.66) 

dt dt 

where g = -gJ is the gravitational field strength. 

Now 

p = [m^x + mfX + mXx ~ y)]/ + [m^y + mS> + m,y]j 



(5.67) 
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so 

d/> r .... .... 

= [niQX + nifX - mx + m{x - Vj)]i + [m(,y + - my + n^]j 

+ co[/7ioJC + mfX]j - ©[ffigj + mfy]i 
= \mx — mVj — (amy]i + [my + (amx]j 
= —gm sin(0)/ —gm cos(0)y 

or in scalar form, after dividing through by m, 

X -(of = -gsine 
and 

y + oix - -gcos0 

By writing the moment of momentum equation using the centre of mass as the origin only 
motion relative to the centre of mass is involved. Because the fuel flow is assumed to be 
axial the only relative motion which has a moment about the centre of mass will be that due 
to rotation. We will use the symbol /f to signify the moment of momentum about the cen- 
tre of mass of the rocket less that due to the small amount of fuel at B. Hence, the moment 
of momentum of the complete rocket is 

~ [A]'® + mj^ai]k (5.70) 



(5.68) 

(5.69) 



so 



dL, 



dt„ 



[(/ q ' + mfb^)(Si — mb^ea + ml^(a]k + (nk X Lq 
[/qO) + q)/m(/^ — b^)]k 



= 0 



in the absence of aerodynamic forces. 
The scalar moment equation is 

0 = /q(o + o>m(/^ - b^) 



(5.71) 



The second term in the above equation provides a damping effect known as jet damping, 
provided that / > b. 

Because the position of the centre of mass is not fixed in the body both / and b will vary 
with time. They are regarded as constants in the differentiation since mf>0 and may also 
be regarded as small because it need not be any larger than m^. 

If the distribution of fuel is such that the radius of gyration of the complete rocket is con- 
stant then equation (5.70) is 

Lq = [mklya + m^(af]k (5.70a) 

and equation (5.71) becomes 
0 = mklfa + — k^) 



This last equation has a simple solution, we can write 



dto _ 

~dT 



dr m 



1 ) 



(5.71a) 
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dm _ d/M 

-S - >> 

and the solution is 

ln(m/mi) = - 1) \n{mlm^ 



<xil<x)i = (m/m,) ” 

If the initial mass is then m = m, ~ mt and thus 



co/mi = 1 - (m/m)t 






(5.72) 



5.8 Non-spherical satellite 

A non-spherical satellite will have its centre of gravity displaced relative to its cen- 
tre of mass. The sense of the torque produced will depend on both the shape and 
its orientation. 

Consider first a body with an axis of symmetry such that the moment of inertia about that 
axis is the greatest > /,). From equation (5.60) we obtain the potential energy of a non- 
spherical satellite, of mass m, and an assumed spherical Earth of mass M. 

V = (3 cos^ - l)(/3 - /,) 

K ZK 

With y as the generalized co-ordinate the associated torque is 

e, = 3(2cosysinrX/, - /,) 

dy 2R 



3(sin(2y)/2)(/3 - /,) 



(5.73) 



If the figure axis is pointing towards the Earth (y is small) then when ^ > /, the torque is 
proportional to y and is therefore unstable. When f < /, the torque is proportional to -y and 
is stable. The satellite will then exhibit a pendulous motion with a period of 



T = ^ 3(1 - 73 //, )j 

For the case when y is close to n/2 so that y = x/2 + ji then the torque becomes 

Qy = ^ 3(sin(2fi)/2)(/3 - /,) 

K 

so that the configuration is stable when f > 7, and the period will be 



(5.74) 






(5.74a) 
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5.9 Spinning satellite 

If the satellite is spinning about its figure axis then the torque described in the previous sec- 
tion will produce precession of the figure axis. The kinetic energy of a spinning symmetri- 
cal body is, by equation (4.82), 



T = y/,0 + y/,0^sin^9 + y/3(0cos0 + \j/)^ 



Lagrange’s equation with 0 as the generalized co-ordinate may be written 



_d_ ^ 
dt ,00 



K + K = 0 



When the figure axis is along the radius to the Earth y -> 0 and thus equation (5.73), with y 
replaced by 0, gives 

Applying Lagrange’s equation leads to 

./i ( r ■ . r -2 . GMm^ (sin(20)) ^ 

1,0 - -/ 3 CO .0 + /|0cos0 sin0 + =— 3 (f - /,) = 0 



For steady precession, 0 = 0, 



/ 3 CO .0 - 7|0^cos0 + 



3 (cos(0)(/3 - /,) = 0 



Assuming that co. ^ 0 and that 0 is small 



0 = — 



3GMm 



(I - /.//3) 



(5.75) 



The effect of making /, > f is simply to change the sign of the precessional velocity. If the 
figure axis is at 90° to the radius then the signs of 0 are reversed. Thus all configurations are 
stable but with differing precession rates. 



5.10 De-spinning of satellites 

An interesting method of stopping the spin of satellites is shown in Fig. 5.17. Two equal 
masses are attached to cables which are wrapped around the outside of the satellite shell. 
When it is required to stop the spin the masses are released so that they unwind. Relative to 
the satellite the masses follow an involute curve so that the velocity of the mass relative to 
the satellite is always normal to the cable and has the value sy, where s is the length of 
unwound cable and y is unwrap angle. From the geometry s = Ry. The moment of inertia 
of the satellite about its spin axis is / and the angular velocity is co. The kinetic energy of the 
system is 

T = y/co + /« (57 + s(of + (Rcof 
= y/(o^ + mR~ y^(y + co)^ + 0^ 

which in the absence of external forces is constant. The constant may be equated to the 
initial conditions when w = Mq- Thus 
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+ mR 



y\y 



+ (o) + CO 



= y/coo + mRWo 



(5.76) 



Because the angle of rotation of the satellite is a cyclic co-ordinate 

r^T 

= constant 
3co 

Hence 

7co + + co) + co] = constant = /cOq + Iml^dQ (5.77) 

Equation (5.76) can be written as 

(/ + — a) = 2mR"y\j + oo)^ (5.76a) 

and equation (5.77) becomes 

(I + mR^)(ti)Q — (o) = 2mRWy + co) (5.77a) 

Dividing equation (5.76a) by equation (5.77a) gives 

tOo + CO = y + (0 

and therefore 

y = coq = constant 

So we see that the rate of unwinding is constant. 

If we require that the final spin rate is zero then putting co = 0 in equation (5.77) yields 

-7c0o + 2/?ii?^(y^coy - coy) = 0 



or 

y^ - 1 = IH2mR^) 

Thus the required length of cable is 




s = yR = R 



(5.78) 
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5.1 1 Stability of aircraft 

In this section we shall examine the stability of an aircraft in steady horizontal flight. The 
general equations will be set up but only the stability requirements for longitudinal motion, 
that is motion in the vertical plane, will be studied. Since most aircraft are symmetrical with 
respect to the vertical plane motion in this plane will not be coupled to out-of-plane motion 
or to roll and yaw. 

Referring to Fig. 5.18 we choose x to be positive forwards, y to be jx)sitive to the right 
and z positive downwards. The origin will be at the centre of mass. The motions in these 
directions are sometimes referred to as surge, sway and heave respectively. Rotations about 
the axes are referred to as roll, pitch and yaw. 

The symbols used for the physical quantities are as follows 





Displacement 


Velocity / increment of 


Force 


X 


X (longitudinal) 


U 


u 


X 


y 


y (transverse) 


V 


V 


Y 


z 


z (normal) 


W 


w 


Z 


= mass.) 


Axis 


Ang. disp. 




Mofl 


Couple 


X 


0 (roll) 


P 


A 


L 


y 


0 (pitch) 


q 


B 


M 


z 


v|/ (yaw) 


r 


C 


N 



Note that in many cases L is used for lift and V is used for forward velocity. In the present 
section we will use L for lift and use to signify rolling moment. 

By symmetry the y axis is a principal axis of inertia and we shall assume that the x axis 
is also a principal axis; therefore the z axis is a principal axis. 

The momentum vector is 

p = mUi + mVj + mWk 

The angular velocity of the axes is 

(0 = pi + qj + rk 

Hence the time rate of change of momentum is 

dp 

/> = -^ + <0 Xp 

= mill + mvj + mwk + m{qW — rV)i + m{rU — pW)j 

+ m(pV — qU)k (5.81) 

and the force is 

F = Xi + Yj + Zk (5.82) 

Therefore 

X= m(u + qW - rV) 



(5.79) 

(5.80) 



(5.83) 
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Fig. S.18 

Y = m{y + rU - pW) (5.84) 

Z = m{w + pV - qU) (5.85) 

The moment of momentum relative to the centre of mass is 
Lq = Api + Bqj + Crk 



(5.86) 
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Hence the rate of change of moment of momentum is 
Lq ~ Qt ^ ^ 

= Apt + Bqj + Crk + (Crq - Bqr)i + {Apr - Crp)j 



+ {Bqp - Apq)k 


(5.87) 


The moment of forces about G is 




Mq = Li + Mj + Nk 


(5.88) 


Therefore 




At = Ap + (C — B)qr 


(5.89) 


M = Bq + {A — C)rq 


(5.90) 


N = Cr + {B — A)pq 


(5.91) 


We now restrict the motion to the vertical xz plane so that V = 
by symmetry 7 = 0, = 0 and N-0. From this it follows that i 

The equations of motion reduce to 


V = 0, /? = 0 and r = 0, and 
) = 0, /i = 0 and r = 0. 


X = m{u + qW) = mu as 0 


(5.92) 


Z = m{w — qU) = m(w — QU) 


(5.93) 


II 

II 


(5.94) 


where ^ = 0 and B = f. 

Consider first the aircraft in straight and level flight. Figure 5.19 shows the major aero- 
dynamic forces and gravity.The lift, I, is the aerodynamic force acting on the wing normal 
to the direction of airflow. It is related to the wing area S, the air density p, and the airspeed 
U by the following equation 


L = C * pt/^5 


(5.95) 



where Q is known as the lift coefficient. The drag, D, is 




Fig. 5.19 Aerodynamic forces 
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Z) = Cd y pC/^5 (5.96) 

where is the drag coefficient. 

The drag coefficient is the sum of two parts, the first being the sum of the skin friction 
coefficient and form drag coefficient which will be assumed to be sensibly constant for this 
discussion. The second depends on the generation of lift and is known as vortex drag or 
induced drag. Texts on aerodynamics show that the theoretical value is = CLV(;t(AR)), 
where (AR) is the aspect ratio, that is the ratio of wing span to the mean chord. Thus 

Cd = Cdo + CL/(n(AR)) (5.96a) 

T is the thrust generated by the engines and is assumed to be constant. The weight is, of 
course, mg. 

The aerodynamic mean chord (amc), symbol c, is the chord of the equivalent constant- 
chord wing. The line of action of the lift (centre of pressure) moves fore and aft as the angle 
between the chord line and the air (angle of incidence a) changes. This is taken into account 
by choosing a reference point and giving the moment of the lift force about this point. The 
pitching moment is given by 

M = Cm y pU^Sc (5.97) 

where Cm is the pitching moment coefficient. It is found that a point exists along the chord 
such that the pitching moment coefficient remains sensibly constant with angle of incidence. 
This point is called the aerodynamic centre (ac) and typically is located at the quarter chord 
point. The tailplane lift is 

(5.98) 

where the suffix t refers to the tailplane. The airspeed over the tailplane will be slightly less than 
the speed of the air relative to the wing because of the effect of drag. We shall ignore this effect 
but it can be included at a later stage by the introduction of a tailplane efficiency. Another effect 
of the wing is to produce a downwash at the tailplane. This is related to the lift of the wing which 
has the effect of reducing the gradient of the tailplane lift to incidence curve. 

The lift and drag of the fuselage could be included by modifying the lift and drag coeffi- 
cients but the pitching moment will be kept separate because in general it will vary with 
angle of incidence. 

For steady horizontal flight with the x axis horizontal the only non-zero velocity is U, the 
forward speed. In this case the thrust is equal to the drag and the sum of the wing lift and 
the tailplane lift is equal to the weight. Only a small error will be introduced if the tailplane 
lift is neglected when compared with the wing lift; hence 

r - £> = 0 (5.99) 

mg — L = 0 (5.100) 

Taking moments about the centre of mass 

M = Mf + + L(h - ho)c - Lf = 0 (5.101) 

Dividing through by Zc gives 





+ {h - ho) - 



Ci^Sc 



= 0 



(5.102) 
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Cl — 

The term ^ - v, the tail volume ratio, so 
Sc 

For static stability we require that ^ < 0; that is, if the angle of incidence increases the 
moment generated should be negative so as to restore 0 to the original state. Operating on 
equation (5.101) 



dM _ diC^f + C^ac) 1 0Q 1 

pU Sc + p[/ S(h - ho)c 



da 



da 2 da 2 

- ^^^pU%l, <0 

0a 2 ^ " 

Dividing through by-^f/^^c and noting that dC^^J da = 0 yields 



3a 



+ a,(/? — /jfl) — a^V < 0 



(5.104) 



(5.105) 



where the symbol a stands for the gradient of the lift coefficient versus the angle of inci- 
dence. 

The critical, or neutral, value of h, h„, is that which makes dMIda = 0, so 



, , u, _ I dC, 

= ho + —V : 

a, a, da 



Mf 



‘1 






(5.106) 



The stick-fixed static CG margin is defined to be 



h„- h = {h, - h) + 



1 

fl, da 



(5.107) 



and is the distance of the CG in front of the neutral point as a fraction of the aerodynamic mean 
chord. The term ‘stick-fixed’ signifies that the elevator is held fixed and not allowed to float. 

For dynamic stability we consider that the aircraft has pitched a small angle 9 to the 
horizontal and that there are increments in speed in the x direction of u and in the z direction 
of w. Referring to Fig. 5.20 we see that for small deviations in angles and speeds the variation 
in the angle of incidence at the wing is 

6a = e + -^ (5.108) 

and the variation in airspeed 

6U = u (5.109) 

Therefore 

5(f/^) = 2Uu (5.110) 



The effect of 8a is twofold. One is to increase the magnitude of the lift and drag terms and 
the other is to rotate the directions of the lift and drag terms relative to the xyz axes. 

In the X direction the changes in the force terms are equated to the rate of change of 
momentum in the x direction as given in equation (5.92) 

—mgQ + Lda — dD = mu 

-mgQ + L(d - Co±p217uS - :^^pl7^S(0 + ^) = mu 
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Fig. 5.20 



Differentiating equation (5.96a) we obtain 

_ 2 ^ 
jt(AR) ^ ' 

Substituting for dC^I da and dividing through by mg = Z gives 

M _ _^2 W (e + = ^±{JL 



Ji(AR) 



g dr\C/ 



(5.111) 



Let(^ j^) = ZJ, a non-dimensional operator, and let w/f7 = «andw/C/ = w.Henceequa- 
tion (5.1 11) becomes 



2Cd\_, 



u - w\\ - 



rt(AR) / 7i(AR) 



.9 = 0 



(5.112) 



In the z direction, following equation (5.93), 
— 5Z — D 6a = m(w — QU) 



-a,(9 + w/(/)i-pI7'5 - Ci_^p2U\iS - pU^S(Q + w/U) = m{w - QU) 

Dividing through by Z = mg 

— ~(6 + w) - 2u - -^(9 + w) = (w - 9) 

or 

Taking moments of the force variations about the y axis 
6Mf + 5A4, + 6L{h - ho)c - 8Z,/, = 7,9 
Evaluating the variations and dividing through by Lc = mgc we arrive at 
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Cl da 1 C/j \ 



Cmbc + C; 



Mf 



Cl 



dJL + 

U Cl 



0 + J^ 
U 



(h - h) 



+ 2ulU{h - h,) - 




dt u j Sc 



u Cl, 5,/, 

77 Cl5c 



^ = fig if d^e 

gp 



Collecting terms and replacing d/dr by (g/U)D leads to 




+ 



+ 



r 

“^Mac 


C^if 




Cl, 


rj2« 




Cl 


Cl 




Cl 




1 


+ 




.{h - 


- h) 


a, 


Cl 


da 


Cl 


Cl 


1 


+ 

3 




(h - 


- K) 


a, 


Cl 


da 


Cl 


Cl 


0. 

Cl 


V D 

l/ 


- 


fig 

cl/ 


D^0 


= 0 



V 



w 



(5.114) 



Note that from equation (5.103) the coefficient of 2u in the above equation is zero. Also 
from equation (5.1 07) the coefficient of vv may be written as — (SM) a, /Cl , where SM is the 
stick-fixed static CG margin. Therefore equation (5.1 14) becomes, after a change of sign, 



| (SM)u,j 



vv + 



/(SM)a, 
I Cl 




+ 




0 = 0 



(5.115) 



Equations (5.112), (5.113) and (5.115) are three simultaneous equations in the non- 
dimensional variables ii, w and 0, with D being a differential operator in non-dimensional 
time. 

Defining the following constants 



K, = li.g/(cU^) 

K, = afgVl(C,l/) 
K, = (SM)u,/Cl 
K, = (a, + Cd)/Cl 



Kc, = 2a|/n(AR) 



K, = 2Cd/Cl 

the three equations may be written in matrix form as 



1 

0 + K,) 


-(1 - K,) 


1 

Ks 


■ ■ 

u 




1 1 


2 


(D + K,) 


-0 - K,) 


vv 


= 


0 


0 

1 


K, 


{K0^ + KjD + K^) 

1 


0 

1 1 




1 1 



(5.116) 
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The differential operator D has been defined to be 

D = = d ^ 

g dr d(tg/U) dr 

where x = tg/U is the non-dimensional time. 
Assume that 
u = ue^^ 
w = we^^ 



0 = 0e^^ 



Substitution into equation (5.1 16) gives the following set of three simultaneous algebraic 
equations 



1 

{X + K,) 


-(1 - K,) 


K, 1 


■ I 

u 




• 1 


2 


(X + K,) 


1 

T 


w 




0 


0 

• 


K, 


(K,X^ + K^X + Kj) J 


0 

1 1 




1 1 



For a non-trivial solution the determinant of the 3 x 3 matrix has to be zero, yielding a quar- 
tic in X in the form 

AX^ + BX^ + CX^ + DX + E = 0 (5.118) 



Expansion of the determinant leads to 
A = 

B = K 2 + KJC, + 

C = 2Ki + + 2(1 - Ks)K^ + + K^K,)K^ 

D = 2(1 - K,)Kj + (2Kj + K^K^)K^ 



E = 2K^ 

The overall stability of the system can be tested using the Routh-Hurwitz criteria (see 
Harrison and Nettleton 1994) which states that 

(i) all coefficients > 0 

\D E\ 



(ii) 



B C 



> 0 



DEO 

(iii) B C D I > 0 
0 A B 
Conditions (ii) and (iii) imply that 
(DC - BE) > 0 



and 

B(DC - BE) - AD^ >0 (5.119) 

Figure 5.21 shows the results of numerical integration of equations (5. 1 12), (5.1 13) and 
(5. 1 15) for the data given. 




Stability of aircraft 1 1 7 




Fig. 5.21 Phugoid oscillation 



In general the solution to the equations is two sinusoids. A high-frequency heavily 
damped mode and a low-frequency low-damped mode which is known as phugoid motion. 
Equation (5.1 18) may be written in the form 

0^ + dk + p)(X^ + yX + 5) = 0 
which expands to 

+ (a + y)X^ + (ay + p + 6)X^ + (a6 + Py)X + p6 = 0 (5.120) 

and comparing with equation (5. 118) 
a + y = B/A 
ay + P + 6 = C/A 
aS + Py = D/A 

pS = E/A (5.121) 

Rearranging the equations as follows 
a = B/A — y 
P = C/A — 5 — ay 
8 = (£’M)/p 

y = (D/A - a8)/p (5.122) 

gives an iterative procedure which converges rapidly. 

From vibration theory the roots of the quadratic indicate two damped sinusoidal motions 
of damped natural frequency to,,, and with the corresponding damping ratios and ^2 

tOd, = AP)Ai - Cf) 

= a/(2/(P)) 
and 

®d2 = A5)/(l - C 2 ) 

C 2 = y/(2/(8)) 

The periods of oscillation are 
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r, = 2n/cOdi 
Ti = 2rc/(Od2 

For the majority of aircraft the first mode is a heavily damped short-period (a few sec- 
onds) oscillation and the second is a low-damped long-period (of the order of minutes) 
oscillation known as a phugoid oscillation. 

A large static margin will usually lead to high stability but may make the aircraft difficult 
to manoeuvre. 

5.12 Stability of a road vehicle 

We shall consider the stability of a four-wheeled motor vehicle for small deviations from 
straight line motion and for a steady turn. The effects of roll on the suspension geometry and 
tyre characteristics will be neglected. The approach will be similar to the treatment of air- 
craft stability given in the previous section. In this case the two front tyres act in a similar 
manner to one aerofoil and the rear pair of tyres will be thought of as another aerofoil. 

The tyre is a complex component with a non-linear behaviour. The characteristic which 
concerns us most is the relationship between the lateral force and the side-slip angle, see 
Fig. 5.22. For small lateral forces this force, F, varies linearly with side-slip angle, a, and 
the initial gradient, = C, is the lateral force coefficient. For any given tyre this co- 
efficient depends on the vertical load, tyre pressure, camber angle and the type of surface on 
which the tyre is running. Braking and traction will also affect the coefficient. We will treat 
the two front tyres as a single tyre with a fixed lateral force coefficient Cf and the two rear 
tyres as a single tyre with coefficient C,. 

The notation for the rigid body motion shown in Fig. 5.23 is the same as that used for the 
aircraft in Fig. 5.18. The forces involved are shown in Fig. 5.24. The angle of steer of the 
front wheels is 5f and that of the rear wheels is 5^. The centre of mass is located a distance 
a from the front axle and b from the rear axle. The sum of these two is the wheelbase L. 
Traction has been assumed to be at the front wheels. 

From Fig. 5.23 we see that the tangent of the angle of the direction of motion of the front 
wheel relative to the X axis is 





Fig. 5.22 
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Fig. 5.24 



to„(S, - a,) = (5.123) 

and for the rear wheel 

tan(a, - 5,) = ^ ^ 

or 

a„(6, - a,) = (5.124) 

Resolving forces in the X direction gives 

X + TcosS( — FfSin5f — = m(U — V\^) (5.125) 

in the y direction 

Y + TsinSf + FfCosSf + /j!cos5r = m(V — fAj/) (5.126) 

and taking moments about the Z axis through the centre of mass 

N + rsin(5f)a + FfCOs(Sf)a + ivcos(5f)6 = mk^'^ (5.127) 

where kc is the radius of gyration. 

The lateral forces are related to the side-slip angles by the lateral force coefficients 
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Ff = Cfttf 

Fr = Qa, 



(5.128) 

(5.129) 



We shall assume that the rear steering angle is proportional to the lateral force with a con- 
stant of proportionality VKr Thus 



8r = 



F. 

K 



(5.130) 



Straight line stability is a measure of the vehicle’s ability to proceed in a straight line with 
the steering angle fixed at zero. Substituting equations (5.128) to (5.130) into equations 
(5.123) and (5.124) gives 



Fr 

Q 



u u 



(5.131) 



and 



or 



where 



C, K, 



c; 



V 

Jj 



V 

V 

xj/fl 

IT 



\^a 

IT 



c; = 



(5.132) 



(5.133) 



(1 - CJK,) 

The term C' is an effective coefficient. It is seen that a positive has the same effect as increasing 
the lateral force coefficient so in subsequent equations the prime will be dropped. It is assumed 
that should rear wheel steering be present then its effect will have been already incorporated. 

Substituting these equations into equations (5.128) and (5.129) and assuming that the 
side-slip angles are small gives 
CfV CfCrif 

IT ~ 



Y - 



U 



cy CM 

+ — — = mV + mM 



N - 



cya 



CfO.^ ^ C,Vb 






u u u u 

Using the D operator the two equations above may be put into matrix form 





_ (C,b + Cfi) 


1 1 

V 




1 1 

Y 


U 


u 








(C,b + Qa) 


n,HD* ^ 


V 




N 




u 


■ 1 




■ 1 



(5.134) 



For the case when Y = 0 and = 0 we assume that V = and vj/ = ye^' where X may 
be complex. Substitution into equation (5. 1 34) and dividing through by e^ leads to 





_ (C.b - C,a) 1 


1 ■ 

V 




1 1 

0 


U 


u 








iQb + Qa) 


n.lix . 

U J 


¥ 

■ ■ 




0 

1 1 



(5.135) 
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For a non-trivial solution the determinant of the square matrix must equate to zero yielding 
the characteristic equation 

+ mkl{Cf + Cf\!U 

+ [(Cf + Q(C,h' + Qfl') - (C,b - Cfaf + m(C,b - Cfa)lf]/l/ 

= 0 

which reduces to 



X\rnkllf] + XU[C,b^ + Qa' + kl(Cf+ C,)] + + mlf{C,b - CfO)] = 0 (5.136) 

From the theory of differential equations it is known that if the motion is stable then all coef- 
ficients must be positive. The coefficient of is always positive and the coefficient of X is 
also positive. It should be noticed that if U is negative then the definition of the transverse 
force coefficient requires both Cf and C, to be negative. 

The constant term will also be positive for all speeds if (C,b — Cfo) > 0. So for the case 
of a vehicle with four identical tyres b > a, that is the centre of mass must be forward of 
the mid-point of the wheelbase. 

If the above condition is not met then the vehicle will be stable only if 

Therefore as the centre of mass moves towards the rear axle the critical speed, f/cnticaM 
becomes lower. 

The concept of static margin is similar to that defined in the previous section on aircraft 
stability. Figure 5.25 shows the case of a car under the action of a steady side load Y 
located a distance n forward of the rear axle and such that now yaw is produced. This 




Fig. 5.25 
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point is known as the neutral steer point. Let the common side-slip angle be P so that in 
the Y direction 



(Cf + Q)p = Y (5.138) 

and taking moments about the rear axle gives 

Yn - CfPI = 0 (5.139) 

Thus 



Cf 

(Q + Q) 



(5.140) 



The static margin is defined as the position of the centre of mass ahead of the neutral steer 
point expressed as a fraction of the wheelbase. Therefore the static margin is given by 



SM 



{b - ri) 
L 



(Qb - Qa) 
L(Cr + Q 



(5.141) 



From this we see that if the static margin is positive a side load to the right applied at the 
centre of mass will give rise to positive yaw, that is the car will turn to the ri^t, and left 
hand steer is required to maintain the same heading. This condition is called understeer and 
is seen to correspond to the condition for stability at all speeds. A negative static margin 
gives rise to oversteer and corresponds to the condition where there exists a critical speed. 
We shall discuss this further when dealing with a steady turn. 

Figure 5.26 shows the geometry for a steady turn. The radius of the turn is defined to be 
the distance from the centre of the turning circle to the centre of the rear axle. For a low- 




Fig. 5.26 
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speed turn the centre will be the intersection of the normal to the rear wheels and the normal 
to the front wheels. Thus 



Rj = L/tan(5) 



(5.142) 



U = <\fR, (5.143) 

We shall now look at the variation in the radius of turn due to small changes in the side- 
slip angles. From the figure 



dR = ^ 

’ sin5 tan5 

Resolving in the Y direction 

C,a, + CfttfCosS = mf/vj/ 

and by moments about the centre of mass 
CfafCos(6)a - = 0 

NowtanS = I/Rrandsin6 = and therefore equation (5.144) becomes 

Lo.f La, 

dR, = —4--—!^ 
sin 8 tan 8 

Eliminating CfUf from equations (5.145) and (5.146) gives 
Crttr(l + b/a) = mU'^ 



(5.144) 



(5.145) 



(5.146) 



(5.147) 



= amlf 
' LC,R, 



(5.148) 



_ bmU 
Lcos{S)CfR, 

Substituting into equation (5.147) and rearranging gives 

di?r “ ~ flCfCOS^8) 

ICrCfSin8 \cos8 / 

If the steering angle is small then the radius of turn reduces to 

= A + (Cf - Qa) 

8 LC,Cf5 






mlf {Cf - Qa) 
L LQCf 



X = /i 4 . ml/ (Qb - Qa) 
R,\ L LC,C^ 



(5.152) 
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Figure 5.27 shows the plot of path curvature versus speed for a given steering angle and Fig. 
5.28 is a plot of steering angle versus speed for a given radius of turn. It is seen that when 
the static margin is positive the steering angle has to be increased to maintain the same 
radius of turn and the vehicle is understeering. When the static margin is negative the steer- 
ing angle has to be reduced in order to keep the radius constant and the vehicle is over- 
steering. After the critical speed has been reached the vehicle is unstable. 

Looking at the situation with fixed steering angle it is seen that an understeering vehicle 
will run wide if the speed is increased whilst an oversteering one will tighten its turn if the 
speed is increased. 

It must be noted that traction has an effect on the static margin: for front wheel drive 
cars the static margin is made more positive whilst for rear wheel drive cars it is made 
more negative. 




S 




Fig. 5.28 
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Impact and One-Dimensional Wave 

Propagation 



6.1 Introduction 

This chapter deals with the propagation of waves or pulses in an elastic medium. The most 
fruitful application of this theory is in the study of impact. Transient phenomena can be dealt 
with using vibration methods but for short-duration impacts a large number of the normal 
modes have to be considered and in these cases a wave technique often leads to a simpler 
solution. 

The simplest form of wave propagation is the non-dispersive wave. A non-dispersive 
wave is one which travels at a fixed speed through the medium without change in shape, 
for example a pulse of the form of a half sine wave will always remain a half sine wave. 
Physical systems which approximate to this condition are longitudinal waves in a uni- 
form bar, torsional waves in a uniform bar and small-amplitude waves in a stretched 
string. However, bending, or lateral, waves in a bar are dispersive so that the shape of a 
transverse wave will be continually changing. This corresponds to different wavelengths 
travelling at different speeds so here there is no fixed speed of propagation. In the inte- 
rior of an elastic medium plane waves are non-dispersive; these will be discussed in the 
next chapter. 

6.2 The one-dimensional wave 

A wave may be pictured either as the variation in time of some physical quantity, u, at a 
fixed location or as a variation with distance at a fixed time. Figure 6. 1 shows a series of 
pulses at constant times and at constant positions. An arbitrary function of argument z is 
given in Fig. 6.2 in mathematical terms u = /(z). In Fig. 6.3 this shape is used to represent a 
plot of u versus time t for a given position x = 0. If the pulse is assiuned to be travelling 
along the positive x axis at a constant speed c then there will be a time delay of x/c. We shall 
change the time variable from t to ct so that both axes have the dimensions of length. Now 
at X = 0 we can represent the pulse as u = f{ct) and at x = x by m = f{ct — x). 

We may now write for an arbitrary pulse moving at a speed c along the positive x axis 

u = f{ct - (x - fi)) (6.1) 

where p is the location of the head of the pulse when t = 0. In this case the argument is 

z = c? - (x - p) (6.2) 
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ct = x + L 



Figxire 6.4 shows the same situation but this time the pulse is shown as the variation of u 
against distance. 

For a pulse travelling in the —x direction {see Fig. 6.5), again at a speed c, the pulse is 
given by u = g (a:) at / = 0 and by m = g (x -(-c/)) at / = -t. It is convenient to express 
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pulses travelling in the negative direction by w = g (z) = g{ct + x), the reasons for which 
will become clear later. In the same manner as for the positive-going pulse we may gener- 
alize to 



« = g (cr + (x - y)) 


(6.3) 


z = cr + (x — y) 


(6.4) 



where y is the position of the head of the pulse when r = 0. 

In both cases at the head of the pulse z = 0. If the pulse has a finite length L in space then 
its duration x will be Lie so that cr = c{Llc) = L. Thus for both waves at the tail of the 
pulse z = L. 

In general waves may be travelling in both directions simultaneously and therefore 

u = fict - {x - P)) + g{ct + (x - y)) (6.5) 

Let us now evaluate the partial differentials of u with respect to x and to t 

du _ <3lu dz _ df dz dg dz 

dx dz dx dz 5x dz dx 



= -f +g' 

where the prime signifies differentiation with respect to the argument. Similarly 



( 6 . 6 ) 




Fig. 6.5 
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du _ An dz _ df dz dg dz 

dt dz dt dz dt dz dt 






= cf + eg' (6.7) 

We see that for both /and g functions differentiation with respect to time produces a multi- 
plication factor of c whilst differentiation with respect to x requires a factor of - 1 for/func- 
tions and +1 for g functions. This is the reason for using different symbols for forwards and 
backwards travelling waves because in this way it is easy to carry out any differentiation. 
Repeating the above scheme we obtain the second partial differentials 
,2 

7^ = n-lf + g"(+\f =/' + g" (6.8) 

ox 



^ = f'icf + g"(cf = cY' + cY 



(6.9) 



By inspection of equations (6.8) and (6.9) we see that 






= c 






. . ( 6 . 10 ) 

dt 8x" 

This important equation is well known in many branches of physics and is called the wave 
equation. It follows immediately that any physical system which yields this equation will 
have non-dispersive waves travelling at a speed c as a solution. 



6.3 Longitudinal waves in an elastic prismatic bar 

Figure 6.6 shows a portion of a long uniform elastic bar. Young’s modulus is E and the 
density of the bar is p. The cross-sectional area is A, which is also constant. The co-ordi- 
nate X is the location of a given cross-section in the quiescent state. A small movement of 
the particles at this location is designated as u and this movement is assxuned to be con- 
stant across the cross-section, that is plane sections remain plane. In this system x is in 
effect the name of the group of particles at a given cross-section and u is their displace- 

P E 




Fig. 6.6 
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ment. This scheme is known as Lagrangian co-ordinates as opposed to Eulerian co- 
ordinates where ;c is a fixed location in space {see Harrison and Nettleton (1994) or any 
book on fluid dynamics). 

The mass of the element is pA dx and this is a constant even if A and p vary with 
stress because this is the mass between two marks on the bar. Measurements made on 
the bar >vould usually be made using strain gauges or accelerometers which are attached 
to the bar and move with it. This is in contrast to most measurements in fluids where the 
measuring device, such as a pressure sensor, would be attached to the vessel containing 
the fluid. 

The force acting on a cross-section is the product of the stress a and the original cross- 
sectional area A. Equating the resultant force to rate of change of momentum gives 

/ A . . ^ 

a + — dx A - oA = — 

\ dx I dt 



pA dx 



8u 

dt 



d(5 _ d^u 

^ w 

By definition the strain, s, is the change in length per unit length. Thus 
_ (m + du/dxdx) - u_ du 
^ dx dx 



( 6 . 11 ) 



( 6 . 12 ) 



Hooke’s law gives us 

a = Eg (6.13) 

Substituting equations (6.13) and (6.12) into equation (6.1 1) leads to 

^ a'w d'u 



or 



2 O U 




d^u 



(6.14) 



where c = ^ (E/p). (For steel and aluminium this wave speed is of the order of 5 000 m/s or 
5 mm/ps.) 

Consider first the case in which a wave is moving in the positive x direction only. Here 



u = f{ct - x) 

The choice of P = 0 signifies that the head of the wave is at the origin when / = 0. The 
strain is 



-I-/' 

and the particle velocity 

V = = cf 

dt 

From equations (6.15a) and (6.15b) we get 



(6.15a) 



(6.15b) 
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V 

8 = - - 
C 

Also 




c 

From equation (6. 14) E = and therefore 



(6.16) 



CT = -(pc)v (6.17) 

The quantity pc is called the characteristic impedance, Z^, of the material. Thus 

Z(. = pc = E!c = \ (£p) (6.18) 

Notice that for a wave which is moving only in one direction there is a direct proportion- 
ality between stress and velocity, not acceleration. From equation (6.1 1) it is seen that accel- 
eration is related to the spatial rate of change of stress. Therefore an accelerometer used in 
impact situations may exhibit very high values of acceleration but it is the integral of accel- 
eration which is related to the stress in the bar. The relationship between acceleration and 
stress is only relevant when a body is behaving as a rigid body. TTiis implies that the change 
in stress is small in the time taken for a wave to traverse the body and return. This point will 
be explored later. Even in cases of steady vibration it can be shown that maximum stress is 
related to maximum velocity, though not necessarily at the same location. In earthquake 
engineering a pseudo velocity is used to assess damage. 



6.4 Reflection and transmission at a boundary 

A boundary is a position where there is a sudden change in the material characteristics and 
this may be associated with a small change in the cross-sectional area. A large change in 
area will make the assumption of plane waves less acceptable. Figure 6.7 shows a change of 
properties at x = 0. The incident wave is u, =/(c,t - x), the reflected wave is = g(c,r + x) 
and the transmitted wave is m, = F{c 2 t - x). At x = 0 there must be continuity of velocity 
and there must also be continuity of force. Thus for continuity of velocity 



dUf 

dt dt dt 




cf + c,g' = CjF 


(6.19) 


and for force 




du: du, du, 

^ ^ 17 = 17 




-(.EA),f * {EA\g‘ = (EA)r 


(6.20) 


Eliminating F' from equations (6.19) and (6.20) 




fl 1 * Uo 

^ \ c, (EA)2 I M ^2 (EA), 1 


(6.21) 


Impedance Z is defined to be the ratio of the force acting on a surface to the velocity of 
that surface in the direction of the force. Therefore 
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P; E, A, 




Fig. 6.7 



Z = -EzAlv = - EAf (-l)/(c/) = EAic = Zfl 
Multiplying equation (6.21) by Citc^ and introducing the impedance gives 



g' = -f 



2. - Z, 



Zt + Zi 



From equation (6.19) 



F’ (/' + g') 

and substituting from equation (6.23) 
^ I 2Z, \ 



F' = —f 
Cl 



Zi + Z, 



From the above equations 

reflected strain — e' 

■ ={Z^ - Z,)/(Z2 + Z,) 

incident strain -f 



reflected velocity C|g' 

incident velocity cfl 



= -(Z, - Z,)/(Z2 + Z,) 



transmitted force {EA) 2 F' Z, 

= — = — 2Z, / (Z, + Zi) 

incident force {EA)\f Z, 



transmitted velocity c,F' 

incident velocity c,/ 



= 2Z| / (Z^ + Z|) 



( 6 . 22 ) 

(6.23) 

(6.24) 

(6.25a) 

(6.25b) 

(6.25c) 

(6.25d) 



For the case of a free end, that is Zj = 0, we see that the reflected strain is of the opposite 
sign thereby making the strain at the end zero as would be expected for a free end. The 
related velocity in this case is of the same sign thus doubling the velocity at the free end. A 
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true fixed end is not possible but if Z 2 > Z| then the velocity at the ‘fixed’ end would be 
zero whilst the strain would be doubled. For the transmitted pulse both the strain and the 
velocity will be of the same sign as those of the incident pulse. 

6.5 Momentum and energy in a pulse 

Consider a pulse, shown in Fig. 6.8, such that the displacement is w = f(ct — x) and is non- 
zero only between z = 0 and z = L. The momentum carried by the pulse is 

G = /pAv d(x) = pALc if dixIL) (6.26) 

0 0 

The kinetic energy is 

T = / ^ Av^ dx = ^c^ i{ffd{x/L) 

0 -^0 

and the strain energy is 

L 1 VIAT 1 

V= I - EAz^dx = -^ / ffdixIL) 

0 •‘0 

Now since = E!p the expression for kinetic energy is identical to that for strain energy, so 
the energy is equally partitioned. Therefore we may write the total energy as 

e = pALc^i (ffd(j) (6.27) 

0 ^ 

Returning to the previous section 

transmitted energy (pALc ^)2 I c, 2Z, y 

incident energy {pALc^)\ \ Cj (Z, + Zj) / 

The length of the pulse will change as it passes fi-om one region to the other but the dura- 
tion will remain constant, so 

Z.) / C| L2 / C2 

or 

L<2 ^ I‘\ — ^2^ 

Noting that Z, = P]A^c^ and Zj = P 2 A 2 C 2 , then 




Fig. 6.8 
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transmitted energy 
incident energy 



Z2C2 / C\ 2 Z| U 

(z, + z,)j 



4Z,Z, 

(Z, + Z^)^ 



(6.28) 



Note that this ratio varies between 0 and 1 and is symmetrical, so the amount of transmitted 
energy does not depend on the direction of travel. 



6.6 Impact of two bars 

Two bars are shown in Fig. 6.9. The first bar has a finite length L and the second is long, 
such that the reflected wave from its far end will arrive after the impact has ceased. It is 
assumed that the impact occurs over a plane surface; in the next section we shall investigate 
the effect of a spherical contact surface. 

The bars collide with an approach velocity of V. It is assumed that both bars are stress free 
before impact and the long bar is stationary. At impact a wave go moves to the left in the 
short bar and a wave Fg moves to the right in the long bar. The wave reaches the end of the 
short bar and a reflected wave/, is generated so that the strain at that end is zero. When this 
wave returns to the impacted end a new set of waves are generated. This process is shown 
diagrammatically in Fig. 6.10. 

In general 

f =/»(C|t - X - n2L) 
g. = gn (cit + X - nil) 

F'n = Fn {Cit - X - nlLc2lc , ) 

with fo = 0. 

The arguments can be verified by inspection of the diagrams. The constant is the appar- 
ent position of the head of the wave at / = 0. Alternatively it gives the time when the waves 
originate either at x = 0 (for g„ at F„) or x= -L (for /„). 



P, A, E, 




Fig. 6.9 
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x = -L X = 0 



Fig. 6.10 



At X = —L the strain is always zero and hence 

g;_, (c,r + (-X) - (« - 1)21) - f„{c,t - {-D - nil) = 0 
or 

/,= g'n-X (6.29) 

At X = 0 there must be continuity of velocity. For the short bar the particle velocity is super- 
imposed on the pre-impact speed of V. Thus 

V+cJ’n + c,g'„ = c,F'„ (6.30) 

and the contact force is 



ciZif„ - c,z,g; = -cjZjF; 

(note that Z = force/velocity). 

From equations (6.29), (6.30) and (6.31) we obtain 

^ _ 2V/C, - (1 - Z,/Z2)g:_, 

(1 + Zi/Zj) 



and 



C|Z, / F/c, + 2g;_, \ 

^ \ (1 + Z,/Z,) I 



Since the first waves are go and Fq it follows that fo = 0 , g_i = 0 and F_, = 0. 
Let us first examine the waves immediately after the impact, that is for n = 0 

- F/c, 

~ (1 + Z/Z2) 



(6.31) 

(6.32) 

(6.33) 

(6.34) 



c,Z, F/c, 
^ (1 + Z./Z^) 



(6.35) 



and for « = 1 
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V Z,/Z2 (Z/Zj - 1) 
C2 (1 + Z./Z^) (Z,/Z2 + 1) 



-2F7c, 

~ (1 + Z,/Z2) 

If Z| is less than or equal to Z 2 then F\ is zero or negative. This means that the strain is 
zero or positive, that is tensile. Because a tensile strain is not possible at the interface the 
contact is terminated, the contact time being 2Z,/c,. 

The velocity at the interface is 



V 



V + C|go = c^F'q 



= V 



Z./Z2 

(1 + Z,/Z2) 



(6.38) 



In the special case when Z| = Z 2 , v = VH. Figure 6. 1 1 shows the progress of the wave. 

If Z| is greater than Z 2 then equations (6.32) and (6.33) can be used repeatedly to deter- 
mine the wave functions. With a little algebra it can be shown that 




z, - Z2 

Z, + Z2 ) 



(6.39) 



and 




Fig. 6.11 
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^ _ Z.Vtc^ / Z, - Z 2 
" Z, + \ Z, + Z 2 I 

so that the force transmitted is 



(EA),r„ 



z,vz, 

z, + Z2 



/ Z/ Z2 \ 

i z. + Z2 / 



(6.40) 

(6.41) 



from which we see that force decays exponentially. Also the velocities decay to zero so the 
coefficient of restitution, defined in the usual rigid body way, is zero. In the case where the 
two bars have the same properties and the second bar is the same length as the first the coef- 
ficient of restitution is unity, showing that this quantity can range from 0 to 1 even though 
the process is elastic. 



6.7 Constant force applied to a long bar 

We shall now consider a long bar under the action of a constant force X applied to the face 
at X = 0 as shown in Fig. 6. 12. If we assume that a wave travels into the bar with a speed c 
then we may use 

force = rate of change of momentum 
d 

X = — (pAv{ct)) = p^4vc 
dt 

so 

-8 = XI(AE) = pvc/E 
By definition 

-8 = Vtl(ct) = V/C 

Equating the two expressions for 8 gives 
pvc/E = v/c 
orc^ = E/p as before. 




Fig. 6.12 
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Now let the bar be of finite length L, as shown in Fig. 6. 13. At x = I the strain has to be 
zero. Therefore at any time 



£=-/,+ g’n-X = 0 



or 



g'n-X = fn 

At X = 0 the force, X, is constant and therefore 
-EA (-/„ + g'„) 

= EA (f„ - ) 

and 

V = c(f„ + g'„) 

= c (/„+/„_,) 

From equation (6.42) 

X 

fn ~ ^ fn-\ 

EA 

Thus 



(6.42) 



(6.43) 



/o = 



EA 



X 2X 

~ Ta'^ ~ ~EA 



Hence 



fn = 



(n + \)X 

'ea 



Substituting into equation (6.43) 



V = c 



(« + \)X ^ nX 

1a ¥a 



cX 

EA 



(2n + 1) 



p A E 



X 


^ f 


-► 


^ ^ 






oa * I 



x=0 x=L 



Fig. 6.13 
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now time t = nlLIc so the average acceleration is 



V cX c 

— ■ — (2n + 1) 

tEA Inl 



= 4- (I + l/2n) 
^AL 

As n tends to infinity 
V X 



t pAL 

So we see that the result is that which would have been given by elementary means. From 
this we learn the very important lesson that rigid body behaviour may be assumed when the 
variation of force is small compared with the time taken for the wave to traverse the body 
and return. After a few reflections the body behaves like a body with vibratory modes super- 
imposed on the rigid body modes. 

The wave method is most suitable when dealing with the initial stages which, in the case 
of impacting solids, may well be when the maximum strains occur. As mentioned earlier a 
vibration approach will require a large number of principal modes to be included. 



6.8 The effect of local deformation on pulse shape 

In the previous analysis for which impact occurred between plane surfaces it is seen that the 
leading edge is sharp leading to instantaneous changes in strain and velocity. Although these 
are not precluded in continuum mechanics, in practice some rounding of the leading edge 
occurs largely due to the impacting surfaces not being plane. We shall assume that in the 
immediate vicinity of the impact point the material behaves as an elastic spring with linear 
or non-linear characteristics. 

Referring to Fig. 6. 14 we see that the impacting surfaces are convex and the separation of 
the two reference planes is denoted by (sq — a), a being the compression. It is assumed 
that the compressive force deflection law is of the form X= ka'. 

The rate of approach of the two reference planes is 

d = F + C|g' — cj^ (6.44) 

and the contact force 

.Y = ~{EA\g' = +{EA)J" (6.45) 




Fig. 6.14 
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Eliminating g' and/ we get 
Xc, Xc, 

d = V - - = F - )ta™(l/Z, + I/Z 2 ) (6.46) 

(£4), {EA)2 

Let X. = it(l/Z| + I/Z 2 ) so that equation (6.46) becomes 

a + Xa” =V (6.47) 

If m = 1 then the interface behaves like a linear spring and the solution is, with a = 0 
at t = 0, 

« = (1 - e-“) 



X = ka 



= V (1 - e^) 

Z, + Z 2 ' 



(6.48) 



from which we see that the maximum force is as given by equation (6.41) with n = 0. 
The Hertz theory of contact for two hemispherical bodies in contact states that 



a = X^ 



2/5 I 

-R* R. 



where R is the radius and p = (1 - m)I{kE). (u = Poisson’s ratio). We may write 



X = ka 



where 



k ^ ^ (Pi P2 )n z + 



I I 



R. R. 



Equation (6.47) now becomes 
d + Xa'^ = V 



•" d 



Tn = / dt 



Using the substitution 



leads eventually to 

, . i ( f n 1 in f ^ 



3 F \ X / L 2 \ (1 - P) 



2P + 1 \ n, 3 
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3/2 3 

X = ka‘^ = — B 
X ^ 

and because as P -> <», f ^ 1 , 

V 



= kVIX = 



(1/Z, + I/Z 2 ) 



Thus 



(6.52) 




Introducing a non-dimensional time 

7 = tx^'^v''^ 

leads to a plot olXtX^ versus t being made. Figure 6.15 shows the 
can be rearranged as 



(6.53) 

plot. Equation (6.53) 



/ = 




(6.54) 



and taking u = 0.3 the constant evaluates to 0.478. Note that from equation (6.52) X^,, is 
proportional to V. 

Also shown on Fig. 6. 15 is a plot of 



X!X^ = (1 - e-') 



(6.55) 



and this shows a reasonably close resemblance to the plot of (6.54). Equation (6.55) is of 
the same form as equation (6.48) which was obtained from the linear spring model. Thus by 
equating the exponents an equivalent linear spring may be obtained. 

Therefore 









(6.56) 



or 

X,(l/Z, + I/Z 2 ) = (X(l/Z, + MZ^)f" v''^ (6.57) 

where X, and X, refer to the linear spring model. 

Figure 6.16 shows a plot of the rise time to three different fractions of the maximum ver- 
sus the product of impact velocity and nose radius. It is seen that as the nose radius tends to 
infinity the rise time tends to zero as was predicted for a plane-ended impact. Also as the 
impact velocity (or the maximum force) increases then the rise time decreases. 




Fig. 6.15 
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Fig. 6.16 Rise time based on Hertz theory of contact 



6.9 Prediction of pulse shape during impact of two bars 

We shall consider the impact of two bars having equal properties. One bar is of length L 
whilst the other is sufficiently long so that no reflection occurs in that bar during the time of 
contact. If we assume a plane-ended impact then the contact will cease after the wave has 
returned from the far end of the short bar, that is the duration of impact is ILIc. 

Because the rise time, in practice, is finite several reflections will occiu before the con- 
tact force reduces to zero and remains zero in the long bar. The leading edge profile has been 
predicted in the previous section using the Hertz theory of contact where it was also shown 
that this could be approximately represented by an exponential expression. To simplify the 
computation we shall adopt the exponential form. 

Figure 6.17 shows the x,t diagram (which is similar to Fig. 6.10). 

At jc = -L, e = 0 and thus 

/« - g'n-^ = 0 

or 

rn = S'n-^ (g-, =0) (6.58) 

At X = 0 the difference in the velocity of the reference faces is d, 

{V + cf„ + eg;) - cF„ = 



or 



V!c + f„+ g'„ - F'„ = ajc 
Also, by continuity of force, 

~{EAg\ - EAf„) = ~{~EAF„) = ka„ 



(6.59) 
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Fig. 6.17 



or 



and 



fn - g'n = — 

EA 



EA 



Adding equations (6.59), (6.60) and (6.61) gives 

- + 

c c EA 

From equations (6.58) and (6.60) 

fn 8n-\ fn-\ ~P~a 

EA 

As /o = 0 



and 



so 






EA EA 






Substituting equation (6.63) into equation (6.62) gives 



(6.60) 

(6.61) 

(6.62) 



(6.63) 
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V 2k 
c EA 



X I da„ 2k 



We define the non-dimensional quantities 
_ 2kc 



a = a 



and 



t = t 



EAV 

2kc 

~K4 



Thereby equation (6.64) can be written as 
da. 



d? 



As a has to be continuous 



(6.64) 



(6.65) 



( 6 . 66 ) 



(6.67) 



S„ (0) = ip) (6.68) 

The parameter p is the value of 7 when ct = 2L, that is the time at which the wave in the 
short bar returns to the impact point. 

From equation (6.66) 

ALk 

P = — (6.69) 

LA 

Multiplying equation (6.67) by e' gives 




and integrating produces 

- * n-] ^ 

a„ = e~' [ / e' (1 - 2 d, ) dr + constant] (6.70) 



Carrying out the integration 

«o “ ® ' [ / 2 (1 - 0) d7 + constant] 

= e" [e - 1] = (1 - Q^') (6.71) 

(the constant = 1 as cto = 0 when t = 0) 

a, = e~' [/e' [1 - (I - e”')] d7 + constant] 

= e-'[7 + 5o(p)] (6.72) 

the constant being determined by the fact that a, (0) = ao(p). Continuing the process 
^2 = e”' [ / e' {1 - e“' [ e' - 1 + 7 + Oo(p)]} d7 + constant] 

-7 7 ~ 7 ~ ^ 

= e [e-e + t - — - t - a(p) + constant] 
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r ^ 

-7 t‘ ~ ^ 

= e [- Y + / [1 - ao(p)] +a,(p)]J (6.73) 

In the same way the next two functions may obtained; they are 
^ .7 \ V ^ ^ ^ 

«3 = e 1 ~ y - Oo(p)] + t [1 - ao(p) - a,(p)] + Sjip) (6.74) 

and 

_ -7 f 7“ 7^ - 

“4 - e ^ “ “o(p)] ■‘■y “ 2do(p) - a,(/?)] 

+ 7[1 - Soip) - d,(/j)] - a2(p) + a3(p] (6.75) 

Figure 6.18 shows the results of the above analysis. This figure should be compared with 
Fig. 6.19(a) and (b) which are copies of actual measurements made on a Hopkinson bar. 

The Hopkinson bar is a similar arrangement to that described above. In the above case the 
contact force can be deduced either by measuring the strain (e) by means of strain gauges 




0 2 4 ^6 8 10 



t 

p = time of arrival of first reflection from five end of the 
impacting bar. 



Fig. 6.18 Pulse shapes for varying lengths of impacting bar 

(a) 



Striker and Hopkinson bar both 25 mm dia. 




Fig. 6.19(a) Measured pulse shapes showing variation with bar length 
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0 100 200 time/\is 

Impact bar 300 mm long 
V = mq>act velocity 



Fig. 6.19(b) Measured pulse shapes showing variation with V 



sited away from the reflecting surfaces of the long bar, or by measuring the acceleration at 
the far end of the long bar and integrating to obtain the velocity (v). The contact force is 
given either by X= —zEA or by X= {v!c)EA. 

By measurements on the impacting bar it is possible to deduce the compression across the 
contact region and thereby obtain the dynamic characteristics of that region or of a speci- 
men of other material cemented there. This is particularly useful for tests at high strain rate 
where the bars can be sufficiently long for the reflected waves to arrive after the period of 
interest. 



6.10 Impact of a rigid mass on an elastic bar 

In this example the impacting body is assumed to be short compared with the bar but of 
comparable mass. The reflections of the strain waves in the body are assumed to be of such 
short duration that a rigid body approximation is practicable. Figure 6.20 shows the relevant 
details; for this exercise the far end of the bar is taken to be fixed. 

At the far end the particle velocity is zero and thus when x = L 

V = cf„ + cg'„^i = 0 



or 



g'n = fn-x 

At X = 0 the contact force is 

X = -{-EAf, + EAg'f) = = -Af(cV; + c'g;') 

dt 

Let 

EA _ pAL _ p 
Me ML L 
Therefore 
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Fig. 6.20 






Multiplying by 6*“^^ we get 



1= e 






_ f" - — f 
J n-\ J n-\ 



Integrating gives 



f. = e 









(6.77) 



where B„ is a constant of integration. 
As/_| = 0 the first function is 

/o = (0 + So) 

When z = 0, V = V and therefore 

V = cfo (0) = ce (Bq) = V 
Thus.5o = Vtc and 



/o = - e 

c 






(6.78) 



This function is valid until the wave returns from the far end, that is, when z = 2Z, or r = ILtc 
at ;c = 0. 

For t > 2L/c 



A = e 



_ ~V^IL 



= 



/ 

_ l\iV 
~~Lc 






Lc 
z + 5, 



Lc 



dz + 5, 



Now the velocity must be continuous at x = 0 so that 
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cA(0) + cg’fO) = cA(2L) + cg'o(2L) 
Using equation (6.76) we obtain 

/,(0) = fo(2L) + /o(0) - /.,(2i) 
Now f„(0) = 5, and /!i = 0. Therefore 

i,, = . r 



and hence 



/, = - e 
c 



-yzIL 



I 

L 



(6.79) 



(6.80) 



The same procedure can be employed to generate the subsequent functions. The results 
for the next two are given below 



/2 = - e 
c 






- - (4 + 2e’^*')z + 2 - 'z ^ B 



(6.81) 



where 



^2 = 1 (1 -4p) + e 






and 



/3 = -e 
c 



-\izlL 



- ^ (2 - 4p) + 3]z 



+ 21 ^ 



(3 + e-'*^) z - - I- 



+ B, 



where 



B, = e'"’^ + (1 - 8p) + e"'"* (1 - 8p + 8p') + 1 

At the impact point, x = 0, the velocity and the strain are given by 
Vo = cf„ + cg'„ = c{f„ - /;.,) 



and 



(6.82) 



(6.83) 



£o = -fn + g; = -(/; + fn.,) (6.84) 

At the fixed end the velocity is zero but the strain is 

Si = -fn = -2fn (6.85) 

Figure 6.2 1 gives plots of these functions versus time. It is apparent from the graphs that the 
highest strains occur at the fixed end at the beginning of the periods, that is for z = 0 and x 
= L. Figure 6.22 gives a plot of the maxima versus 1/p. 

As the ratio of the impacting mass to that of the rod increases it is possible to use an 
approximate method to determine the maximum strain. It is well known from vibration 
theory that a first approximation in this type of problem is to add one-third of the mass of 
the rod to that of the end mass. For this case we equate the initial kinetic energy with the 
final strain energy 
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Fig. 6.22 Maximum strain at jc = L for various period numbers, n 
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Hence 




where p = pALIM. 

This is adequate for large values of 1 /p but not for small . A better approximation can be made 
by adding the result obtained in the previous analysis, which was that the initial strain is V!c. 
TTierefore 
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\ / 1 1 


e = - 


1+- + - 


c 


\ P 3 j J 



A plot of this aproximation is included on Fig. 6.22. 

6. 11 Dispersive waves 

Let us first discuss the sinusoidal travelling wave. The argument for a sinusoidal function is 
required to be non-dimensional so we shall adopt for a wave along the positive axis 

z = k{ct — x) 

= {ckt - kx) 

where kisdi parameter with dimensions 1/length. 

A typical wave would be 

u = U cos {ckt - kx) (6.87) 

Figure 6.23 shows a plot of u against r for x = 0. If the argument increases by 2 tt, the time 
is the periodic time T. Thus 

ckT = It! 



or 

ck = iTtlT = 2ttv = (0 

where u is the frequency and o> is the circular frequency. 

Figure 6.24 is a similar plot but this time versus x. An increase of 2 tt in the argument cor- 
responds to a change in x of one wavelength X. Thus 



kX = 2n 


(6.88) 


or 




k = 2k/X 


(6.89) 


k is known as the wavenumber. 






Fig. 6.24 
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Hence 




z = ckt-kx = (at - kx 


(6.90) 


and 




(0 




c = - = c, 


(6.91) 



This quantity is called the phase velocity as it is the speed at which points of constant phase 
move through the medium. In a dispersive medium Cp varies with frequency (or wavelength) 
and it will be shown that this is not the speed at which energy is propagated. 

Consider now two waves of equal amplitude moving to the ri^t as shown in Fig. 6.25. 
Note that both arguments are zero for r = 0 and ;c = 0. The displacement is 

u = t/cos (co,r - kfX) + U cos (coj/ - k^x) 
and using the formula for the addition of two cosines 

( CO, + CO 2 ^1+^2 \ / ®i ~ (^2 kx — ki \ 

2 2 ) \ 2 2 ) 

( Aco Aco \ 

= U cos (coq? - kox) cos I — ^ ~ ^ j (6.91a) 





Fig. 6.25(a) and (b) 
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where the suffix 0 refers to a mean value and A signifies the difference. Figure 6.25b shows 
the plot of equation (6.91a). The individual crests are still moving with a phase velocity 
but the envelope curve is travelling at a speed Acoq/A^^ which is known as the group 
velocity, Cg. If the two frequencies are very close together then, in the limit, 



phase velocity Cp 



and 



©0 



d© 

group velocity Cg = — 



(6.92) 



(6.93) 



A graph of © versus k is called the dispersion diagram. For a non-dispersive wave © is pro- 
portional to k so that Cp and Cg are identical constants. For the dispersive wave there is a ftmc- 
tional relationship between © and k and it is found that the gradient can be negative as well 
as positive; also the curve need not pass through the origin. Figure 6.26 shows a typical 
curve. 

To reinforce the concept of group velocity consider a packet of waves with frequencies in 
a narrow bandwidth on the dispersion diagram. The bandwidth is narrow enough for the gra- 
dient to be constant. Thus in this region the gradient is 



or 



©, - ©0 
K - k) 



= ^*g(^/ - ^) + (6-94) 

Now a typical wave in this region is 

u = Uj cos (©;/ - kx) 

Substituting from equation (6.94) gives 

u = Ui cos { [Cg ik ~ K) + ©0 ] ^ - kiX } 

= cos [ (©0 - Cg^o) ^ K (V - x) ] 

This equation represents a wave moving to the right with a 
which will only vary slightly over the narrow frequency band. 



(6.95) 

phase velocity Cp = ©,/A:,, 




Fig. 6.26 
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If we change our origin so that x = c^t, which is equivalent to moving along the x axis at 
the group velocity, then equation (6.95) becomes independent of the wavenumber ki (and of 
the frequency ©, ) and we can then sum for any number of waves within the frequency band 

u = '2 Uj cos [ (cOo - c^ko) t ] 

= (2 1/, ) cos [ (©0 - Cgko) t ] 

= ( 2 C;; ) cos [ (Cp - Cg) (©o/Cp) t ] (6.96) 

Thus if we move along the x Jixis at the group velocity we see a constant amplitude, which 
is the envelope curve, with the displacement varying at a frequency which depends on the 
difference between the phase and group velocities. 

In this example the group velocity is shown as greater than the phase velocity so the indi- 
vidual peaks will be seen to retreat within the envelope curve. This is displayed in Fig. 6.27. 

If there is a short-duration pulse then the frequency band is wide; a simple rule is that the 
product of bandwidth (in hertz) and pulse duration (in seconds) is approximately unity. Let 
us assume that the pulse is represented by a sum of sinusoids 

M = 2 t/, cos (©,r - ^,x) (6.97) 

At / = 0 and x = 0 all displacements are additive, and the pulse is symmetrical about both 
the time and the space origins. The amplitudes L/ are fimctions of the frequency (and 
wavemunber). The functions depend on Ae shape of the pulse and are given by standard 
Fourier transform techniques. We seek the peak of the pulse therefore at the peak 

8u 

— = 2 U/ki sin (©,/ - k^x) = 0 (6.98) 

dx 




V 

Fig. 6.27 
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In the neighbourhood of the peak and for small dispersion the argument of the function will 
be small so that sin z may be replaced by z. This gives 

= x'ZU^k] 



Hence the velocity of the peak will be 
X S 
t 2 U,k] 

If f/ is a continuous function of k then 



(6.99) 



_ /o" U{k)k(a{k)dk 
U(k)k'dk 



( 6 . 100 ) 



where k„ is the value of k when co = the bandwidth, that is ojt = 2n. 

The quantity Cpp will be known in this book as the pulse-peak velocity. The expression for 
pulse-peak velocity is only meaningful if the dispersion is moderate, otherwise the pulse 
will be changing rapidly and no distinct peak will be observed. Since the amplitude appears 
in both numerator and denominator small variations will have little effect. This is borne out 
by Figs 6.28 and 6.29 where the curves for a square pulse and triangular pulse are seen to 
be very close together. 

Figure 6.28 shows the three wave velocities versus k for a concave downwards dispersion 
curve. Here the group velocity drops quickest and eventually becomes negative, the curve 
for phase velocity dropping less quickly. The plots of pulse-peak velocity for a square pulse 
and for a triangular pulse are shown but on the scale of the diagram the difference is not 
measuiable. Figure 6.29 shows a similar plot but in this case the dispersion curve is concave 




^pp2 pulse peak velocity, rectangular pulse 
S phase velocity c^ grotq> velocity 



Fig. 6.28 Wave velocities for negative curvature dispersion curve 
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wavenumber k 



Fig. 6.29 Wave velocities for positive curvature dispersion curve 

upwards. It is conventional to plot the curves with k as the independent variable because <a 
is univalued for a given k, but not vice versa. 

Figure 6.30 shows four symmetrical pulse shapes and their respective Fourier transforms. 
The ordinate is the square of the amplitude as this gives a measure of the energy and it is 




Fig. 6 JO Fourier transform pairs 
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seen that most of the energy is accounted for before the abscissa value reaches n. This gives 
credence to the approximations x/T^ = 1 and L/X„ = 1 . 

The practical difficulty is the determination of the width of the peak and hence the appro- 
priate value of k^. Measured values tend to be towards the phase velocity but are far from 
the group velocity. Although the pulse-peak velocity is as precisely defined as the other two 
it does emphasize the fact that the group velocity is valid only for a narrow frequency band. 
In a highly dispersive situation the group velocity gives the arrival time of specific wave- 
lengths which were generated by an impact. 

Dispersion indicates that short pulses will spread out but the total energy remains con- 
stant. The term is not to be confused with dissipation in which some of the mechanical 
energy is converted to thermal energy. 

6.12 Waves in a uniform beam 

In this section we shall be examining lateral waves in a long uniform beam, shown in Fig. 
6.3 1 , with a cross-sectional area A and a second moment of area / about the z axis through 
the centroid. The xy plane is a plane of symmetry. The material has a Young’s modulus E, a 
shear modulus G and the density is p. We are going to use Hamilton’s principle to obtain 
the equations of motion because it is easier to modify the model. The exact equations are 
very involved and therefore approximations are required. 

A first approximation is to consider only kinetic energy due to lateral motion and strain 
energy due to bending strains. Later we shall include rotary inertia and shear strain energy. The 
simple case can be obtained by free-body diagrams and Newton’s laws but we shall use the vari- 
ational method and subsequently modify the Lagrangian to take into account the extra terms. 

Referring to Fig. 6.32 we can write an expression for the kinetic energy (note that in this 
section v is the deflection in the y direction) 

'^pA I 8vy 

T, = - -- dx (6.101) 

Jo 2 \ ct I 




Fig. 631 
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Fig. 6 



and for the strain energy 
r'£/ / 50 



= 



0 2 \ dx 



dx 



If we assume that there are no external forces Hamilton’s principle states that 

h 

6 ; (r, - F,)d/ = 0 



(6.102) 



or 



L 



pA / dv \ El ( de 



8t 



dx 



dx dt = 0 



Carrying out the variation first 

f f r i ^ 



50 / 50 \ 

El— a — dxdt = 0 



dx \ dt 



(6.103) 



(6.104) 



For the first term we reverse the order of integration and integrate by parts to obtain 



L 

f 


'2 

f f dv (dv\ 1 


L 

[ 


dv 


*2 


‘2 , 
f 5^v 


J 

n 


pA — 5 — d/ 
[ dt 1 dt! 


di=J 

0 


pA — 5v 
L dt 




— ^ 5v d/ 

.sf 1 



dx (6.105) 



Because 8V vanishes, by definition, at r, and t 2 the first term in the square brackets is zero. 
For the second term we integrate by parts with respect to x to obtain 

L t2 ,L L 

■ 5^0 

60 I - I ^ 50 dx I dt (6.106) 



Ul“i‘(f)l**-II“s‘ -l“S 

♦ 10 0 n n 
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We have already assumed for this exercise that there are no external active forces. Therefore 
the end constraints must be workless and this implies that either 5o or daldx must be zero at 
the ends. Hence the first term is zero. 

Combining the two results, equations (6.105) and (6.106), gives 



I ‘2 fL 



EI-—^ 60 — pA — r 6v Idxdr = 0 



V and 0 are not independent but are related by geometry 

av 



(6.107) 



(6.108) 



so that 



/ dv 

50 = 8 — 

\ dx 



(6.109) 



Integrating the first term once more by parts and noting that the end forces are workless 
leads to 



-El — 5 5v — pA — 5- 8v I cLc dr = 0 
dx dt j 



and finally since 0 = dv/dx 



d\ a^v 

-El — 1 — pA — 7- 



5v dx dr = 0 



( 6 . 110 ) 



Because 5v is arbitrary (except at r, and where it is zero) the expression in the large paren- 
theses must be zero. Thus 



a V d\ 

EI—t + pA ^ = Q 



( 6 . 111 ) 



This equation is known as Euler 's equation for beam vibration and is widely used. This form 
can readily be deduced from free-body diagrams in a similar method to that used for longi- 
tudinal waves in a bar. The reason for using Hamilton’s principle here is to expose the details 
of the method and to form the basis for development of a more refined model. 

We now add an extra kinetic energy term to take into account rotary inertia. For a thin ele- 
ment of beam the moment of inertia about a z axis through the centroid is p7 dx, where / is 
the second moment of area. Therefore the kinetic energy is 



_ p7 / d0 
Jo 2 \ dt 



( 6 . 112 ) 



fh /I ^ 

•'0 



p7 / de 



Thus 
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' f ^ de da 

p/ — 6 — 

0 J/ St dt 



d? dx 



d^ 0 \ 

-pi ^ 60 drdx (6.113) 



The rate at which the lateral deflection changes with x is now augmented by y, the shear 
strain, giving 

dv 

— = 0 + y (6.114) 

dx 




and the additional strain energy is 



V2 



'^kGA 
> 0 2 



dx 



(6.115) 



The constant k (kappa), which is greater than unity, corrects for the fact that the shear stress 
is not uniformly distributed across the cross-sectional area. For a rectangular cross-section 
K = 6/5; this is based on a parabolic shear stress distribution. Thus 

I dv \( dv \ 



5 








r idv \ 


L 


' / a^v da \ 




kGA — - 0 Sv 


- kGA 


1 - — dv dx 




lax / 


0 > 


M ax^ dx J 



(6.116) 



This time we shall not make the first term zero as we are now admitting external forces. 

From Fig. 6.3 1 the virtual work done by the external forces is (note that a vector sign con- 
vention is used) 



5W = A/, 50, + M 2 d 02 + 5,5v, + S 26 V 2 (6.117) 

Therefore Hamilton’s principle for the modified model including external forces is 

5 /^(r, + T 2 - V, - V 2 ) dt + /^bWdt = 0 (6.118) 

t\ ^1 

Using equations (6.105), (6.106), (6.113), (6.116) and (6.117), equation (6.118) may be 
written 

/o { [ -pAVj, + kGA{v^ - 0 j dv . . . 

^1 

+ [ -p/ 0 ,, + El 0 „ + kGA(v, - 0 ) ] 80 } dx d/ . . . 

+ / ^ { I -El 0 j >0 - kGA(v , - 0 ) 5v Io 
t[ 

+ [A/|50, + M 2602 + F, 6 V| + F 26 V 2 ] } dr (6.119) 

Here the notation ^v!dx~ = etc. is used. 

Because 6 v and 80 are arbitrary between r, and t 2 the factors of 8 v and of 80 under the 
double integrals must each equate to zero. Thus the two equations of motion are 
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— KC, 



8'V 00 \ 

— - — = 0 
dx 8x I 



( 6 . 120 ) 



00^ KCr / 0V 



0r' dx^ (I/A) \ dx 



— - 0=0 



( 6 . 121 ) 



Summing each of the coefficients of 5o , , 502, 5v, and Svj to zero gives the boundary conditions 

{eI^\ = -M, (6.122) 



00 \ 
El - \ 



(6.123) 



- 0 = -F, 



(6.124) 






(6.125) 



It is now possible to eliminate 0 between equations (6.120) and (6.121). Equation (6.120) 
can be written as 

V „ - ^c] V „ + KC, 0 , = 0 

Therefore 



= V , 



(6.126) 



Equation (6.121) is written as 






V + 0 = 0 

(I/A) (I/A) 



and differentiating partially with respect to x gives 



0 .IW ^0 0xt.t 



+ 0=0 

(I/A) ' (I/A) 



Substituting from equation (6.126) we obtain 

1 , cl 



2 ^Jtll ^0 2 ^Mxx • • • 



2 2 , 

KC, KC, 1 

V„ + - V„ = 0 

(I/A) • (I/A) ’ (I/A) ■ 



(6.127) 



0“*V 1 0^V 

Co 1 + 7 

0 / (I/A) 0 / 



dx (I/A) df \ KC, / dx dt (I/A) dt 
This is known as the Timoshenko beam equation. 



1 0\ 

^ = 0 (6.128) 




160 Impact and one-dimensional wave propagation 



For a running wave solution 

V = V 

so substituting into equation (6.128) and dividing through by the common factor gives 

■> 4 1 2 I ^o\22 ^ 4 

Cok - CO - 1 + — 5- (o¥ + (0 =0 (6.129) 

(I/A) \ Kc' / (I/A) ^ 

which is the dispersion equation for bending waves in a uniform beam. This equation is a 
quadratic in co and therefore yields two values of co for any value of k. The lower of the two, 
the first mcKle, approximates to Euler’s equation for small values of k(k< 0.2, i.e. wave- 
lengths longer than about five times the beam depth). 

Plots of CO, Cp and Cg are shown in Fig. 6.33. The phase velocity tends to a maxim um value 
which is close to the velocity of pure shear waves (see section 7.5). The group velocity also 
tends to the same value but passes through a maximum for wavelengths of the order of the 
depth of the beam. It follows that after a short-duration impact these wavelengths are the 
first to arrive at a distant point but most of the energy will follow at longer wavelengths. The 
model becomes invalid when the wavelengths are very short compared with the depth of the 
beam in which case the wave speed will tend to that of surface waves which have a speed a 
little less than the shear wave speed. 

Figure 6.34 is a similar plot but for the higher, or second, mode. It is seen that there 
is a minimum frequency; below this no travelling wave is possible in this mode. The 
consequence of this is that the phase velocity tends to infinity at very low wavenum- 
bers but the group velocity remains finite and less than Cq. The validity of this mode is 
not as good as the first mode and is probably only witnessed in I-section beams where 
the end load is carried mainly by the flanges and the shear is carried mainly by the 
web. 




Fig. 633 Uniform beam mode 1 
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6.13 Waves in periodic structures 

The type of structure envisaged here is the continuous mass-spring system shown in Fig. 
6.35. Away from any boundary we can use the same form of expression for displacement as 
used in the earlier sections but in place of the continuous location x we have a discrete num- 
ber of locations n. The mass of each body in the system is m and the stiffness of each spring 
is s. For the «th body the equation of motion is 

- wJ - s(u„ - = mu„ (6.130) 

Let us assume 

(6.131) 

Substituting equation (6.131) into equation (6.130) and dividing through by the common 
factor f/e'"' we obtain 

- e-^^") - 5(e'^*” - e'^^""'*) = 

Dividing further by se~^ gives 

(e~^* - 1) - (1 - e** ) = - mu)^/s 

and as 

e*^* = cos k ±j sin 



m m m 



AAA/ 


1a A V 




A AAA 




AAA/ \ 


— /VVv 

s 


r V V V 

L ^ 


— p 


/VVV 

s 

► 


— r- 


/VVV 

s 

► 



«*.; “*+/ 



Fig. 6 J5 
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we get 



2 cos (it; - 2 = - ^ 
s 



2 



or 

2(-2 sin' {kll)) =-ind. 

s 



giving 

© = 2^{slm)sva{kl2) (6.132) 

Figtire 6.36 is a plot of the dispersion diagram. From this we see that there is a cut-off fre- 
quency, ©<.o = 2j(s/»i), above which no continuous wave will propagate. At this point it = 
7t so 

u = = f/e^“"(-l)'' 



that is, each body is in phase opposition with its neighbours. 
The phase velocity is 

sin {kl2) 



© 

-p = - = V istm) 



k!2 



and the group velocity is 
d© 

Cg = — = v' (•s/w) cos(A;2) 

® dit 



(6.133) 



(6.134) 



If we impose a vibration above the cut-off frequency then one solution is to assiune that 
each body has the opposite phase to its neighbour and that the amplitude decays exponen- 
tially, 

= t/(-l)V“' e"^” (6.135) 



Substituting equation (6.135) into equation (6.130) leads to 

© = 2^{s!m) cosh (^72) (6.136) 

for © > ©CO- Here the disturbance remains local to the point of initial excitation and does not 
propagate; such a mode is said to be evanescent. 




Fig. 6 J6 Dispersion diagram for mass-spring system 
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6.14 Waves in a helical spring 

The helical spring will be treated as a thin wire, that is plane cross-sections remain plane. 
This assumption has been shown to be acceptable by mechanical testing. An element of the 
wire has six degrees of freedom, three displacements and three rotations, so the possibility 
exists for six modes of propagation. If the helix angle is small these modes separate into two 
groups each having three degrees of freedom, one set consisting of the in-plane motion and 
the other the out-of-plane motion. The effect of helix angle will be discussed later but here 
we shall develop the theory for out-of-plane motion for a spring with zero helix angle. This, 
as we shall see, is associated with axial motion of the spring, that is with the spring being 
in its compression or tensile mode. 

Figure 6.37 defines the co-ordinate system to be used. The unit vector i is tangent to the 
axis of the wire, j is along the radius of curvature directed towards the centre and k com- 
pletes the right-handed triad. For zero helix angle k is parallel to the axis of the spring. The 
radius of curvature is R and s is the distance measured along the wire. 9 is the angle through 
which the radius turns. Thus 

ds = /? de (6.137) 

First we shall consider the differentiation of an arbitrary vector V with respect to s 
dV d'V 

— = + a X V (6.138) 

ds ds 

where the prime signifies differentiation with respect to non-rotating axes and Cl is the rate 
of rotation of the axes with distance 5. Thus 

de de 

a = — = — k 

ds ds 

and using equation (6.137) 

a = i A (6.139) 

R 




Fig. 631 
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From equation (6.138) the components of the derivative are 



dV, _ 


d'F; 1 






— 


V: 


ds 


ds R 


J 


dVj 


d'V: 1 




J _ 


' -1- 


K 


ds 


ds R 






d'K 




ds 


ds 





(6.140) 

(6.141) 

(6.142) 



or in matrix form 



ds 



= [Tm 



where 



[H] 



and 



p -MR 0 ' 
MR p 0 
0 0/7 



P ^ 



d' 

ds 



(6.143) 



(6.144) 



(6.145) 



A cross-section has a displacement u and a rotation 0 from its equilibrium position. The 
spatial rate of change of u is due to stretching and shearing of the element of wire and also 
to rigid body rotation, so the strain 

(8) = [r,](«) - [0r(d5)/ds 

= [T'l] (w) + ( 0 ) (6-146) 



Now (d5) = (ds 0 0) and therefore 



0 0 0 ' 

0 0-1 ^ [T 2 ] 

0 10^ (see appendix 1) 

The components of strain are, therefore, 
axial strain e, = pu^ - Uj/R 
shear strain e, = puj + u JR — 0 ^ 
shear strain 8* = puj, + 0 , 

These are related to the elastic constants by 



[dsT 

ds 



(6.147) 



(6.148) 

(6.149) 

(6.150) 
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EA 


(6.151) 


_ Pj 
GqA 


(6.152) 


P, 

E* = 

GqA 


(6.153) 


where 9 is a factor to allow for the shear stress distribution not being uniform. A typical 
value for circular cross-sections is 0.9. 

The relationship between the elastic constants. Young’s modulus E, shear modulus G and 
Poisson’s ratio u is £ = 2G(1 + u) , so let 


E 

m = — = (1 + u) 
2G 


(6.154) 


Combining equations (6.148) to (6.154) 




Pj = GA {2mpUj — 2mUjlR) 


(6.155) 


Pj = GA iqpuj + qUj/R - ^0,) 


(6.156) 


Pk = GA iqpUj, + q<dj) 


(6.157) 


For bending we use the usual engineering relationships for bending and torsion of shafts. If 
the shape of the cross-section has point symmetry then with J being the polar second 
moment of area 


/, = A = 7,/2 =y /2 




Also E = G2m so that EIj - El,, = mGJ, and therefore 




do, 

Mj = Glj = GJ(j)0j - 0j/R) 

ds 


(6.158) 


do, 

Mj = EL — = GJm ip 0 j - 0 ,/P) 
ds 


(6.159) 


do*. 

= El, — = GJm{p 0 ,) 
ds 


(6.160) 



The equations of motion can be derived with reference to Fig. 6.38. Resolving forces act- 
ing on the element, neglecting any external forces, 

d(P) \ d\u) 

(P) + d5 - (P) = d5 ^ 

= constant ^ 

or, letting D= 



ds, = 



- = pAD\u) 

constant 
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Fig. 6 J8 



[r,] (P) = pAD\u) 
The component equations are 
pPi - Pj/R = pAD^Ui 
pPj + P/IR = pAD\ 
pPk = 



Now considering moments about the centre of mass of the element 

d(M) \ , 8{L) 

m + — ^ d5 - (A/) + (ds)’‘(P) = 

= constant ^ 

where (L) is the moment of momentum. For small rotations 
pI,dsD0i 

(L) = pIjdsD0j 

pl„dsD0^ 



and 



(6.161) 

(6.162) 

(6.163) 

(6.164) 

(6.165) 

(6.166) 



d(L) 2 r d(A^ 

- pJD^ 0 jH ds - d5 + {ds)\P) 

^r=conaam 


(6.167) 


The three component equations are, after dividing by ds, 




pMi - MjlR = pJD\ 


(6.168) 


pMj + MJR - P* = pJD"0jll 


(6.169) 


pM^ + Pf = pJD0^/2 


(6.170) 



Substituting the six equations of state ((6.155) to (6.160)) into the equations of motion 
((6.162-6.164) and (6.168-6.170)) will yield six equations in the six co-ordinates and these 
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will separate into two groups of three. So, substituting equations (6.157), (6.158) and 
(6.159) into equations (6.164), (6.168) and (6.169) leads to 

GJ(p^0i - p0j/R) - GJ-(p0j + 0,1 R) = p7D^0, (6.171) 

R 

2 GJ , 

GJm(p 0 j + p0jR) + — (p0, - 0jlR) - qGAipui, + 0 j) = pJD 0-/2 (6.172) 

R 

qGA {p^u^ + p 0 j) = pAD^U/, (6.173) 

which contain only the three out-of-plane co-ordinates. 

It is convenient for discussion purposes to put the above equations into non-dimensional 
form. To this end we define the following terms 



d 8 



p = — = 7? — = /?p 
^56 8s ^ 


(6.174) 


U, - uJR 


(6.175) 


RD 




D = — 


(6.176) 


Cl 





Thus equations (6.171) to (6.173) may be written in matrix form as 




(6.184) 
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from which we have 



K~ V2 

the non-dimensional phase velocity. 

From equations (6.181) to (6.184) we write 

p =jK 

D = jfV 



(6.185) 



(6.186) 

(6.187) 



so equation (6.177) can now be written as 

(W^ - m - K^) jX(l + m) 0 

-j/:(l + m) (i»^ - 1 - a\) -qiKa^ II 0 . I = I 0 | (6.188) 

0 -qjK (W^ - qk^) 

For a non-trivial solution the determinant of the square matrix must equate to zero. Thus 



■ 1 

0, 




'0 ■ 


0/ 


= 


0 


U , 

■ ■ 




0 

1 1 



- m - k) 



jm + ni) 
-j/s:(l + m) ('Ak - 1 - aq) 



0 

-qjKa 



0 



-qjK 



(k - qk) 



= 0 



(6.189) 



This leads to a cubic in for any given value of K. There are, therefore, three branches 
to the dispersion diagram and these are shown in Fig. 6.39. The fourth root of (o is plotted 
as ordinate in order to compress the scale. The two highest modes have cut-off frequencies 
and therefore sinusoidal wave propagation only exists in these modes at high frequencies. 
The important lowest mode is shown in detail in Fig. 6.40. 

The W-K diagram for the lowest mode exhibits a zero frequency when A" = 0 and 
also when AT = 1 or X = 2%R. At this wavelength particles having maximum positive 
velocity are one turn apart and the maximum negative velocity particles are diametri- 
cally opposite. 




* = 2%/\ 



Fig. 639 Dispersion diagram for helical spring 
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Fig. 6.40 



For low values of wavenumber equation (6.189) reduces to 



W^ = ^ (6.190) 

1 + qa 

2 2 2 

Now a =2Ji !r for solid circular cross-section wire. The spring index {RJr) is unlikely to 
be less than 3 so the minimum value of is about 18; a more typical index of 5 gives a = 
50. Since q is of the order unity equation (6.190) is, to a close approximation, 

W~ = (A7a)' (6.191) 

Returning to the dimensional form 



Cj rcj 

(a = — k = k 

a R ^2 



from which the phase velocity and the group velocity are given by 

Cp = Cg = Cj/a 



(6.192) 



(6.193) 



This approximation is quite reasonable for wavelengths longer than five turns. Also 
shown on Fig. 6.40 are the amplitude ratios and it is interesting to note that although the 
strain associated with long wavelengths is torsional in nature there is very little rotation 
about the wire axis ( 0 , -> 0). This is true for the static case, represented here by zero fre- 
quency and infinitely long wavelength. 

The dispersion diagram shown is a plot of Wa versus K for a = 10 but on the scale used 
no difference is seen for a ranging from 3 to 30. 

The effect of the helix angle being greater than zero is to couple the in-plane and out-of- 
plane co-ordinates, but for small helix angle and low wavenumber the essential nature of the 
curves does not change. The more noticeable effect is around K = 1 where the curve is more 
rounded for the lowest longitudinal mode and the curve for the torsional mode no longer 
goes to zero. The two lowest dispersion curves are shown in Fig. 6.41 which also shows the 
results of mechanical steady-state vibration tests. Impact tests were also carried out from 
which the arrival times of various frequency components were measured and compared with 
the theory; some results are shown in Fig. 6.42. 
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HEUCAL SPRING DATA 
Helix angle 
Number of turns 
Coil radius R 
Wire radius r 
Material , steel 
Index (R/r) 



11.5 

50.0 mm 

12.5 mm 
EN498 

4 



Calculated from fidl theory 

" ” cq>proximate theory 



• Measured resonant frequency , mode shape identified. 
o Measured resonant frequeruy .mode sfuq>e not identified. 




Fig. 6.41 Dispersion curve for helical spring (data from Ph.D thesis, H.R. Harrison 1971) 

In section 6.12 the dispersion diagram for a periodic mass-spring system was developed 
and shown in Fig. 6.36. The similarity with the lowest mode for the spring as shown on Fig. 
6.40 is quite noticeable. The numerical similarity is strong if in the lumped parameter model 
the mass and the stiffness of the components are those of a single turn of the spring. This 
model gives good agreement for wavelengths as short as one turn of the helix. 
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7 

Waves In a Three-Dimensional Elastic 

Solid 



7.1 Introduction 

All the examples of wave motion considered in Chapter 6 have been one dimensional, that 
is only one spatial dimension is required to define the direction of wave propagation. In the 
case of the helical spring the path of propagation is curvilinear, namely that along the wire 
axis. We now consider a homogeneous, isotropic, linearly elastic solid. The dynamics of 
such a solid are completely defined by three constants: the density and two elastic moduli. 
There are six elastic constants in general use: Young’s modulus £, the shear modulus or 
modulus of rigidity G, Poisson’s ratio u, the bulk modulus K and the Lame constants X and 
fi. Any two will do but we shall find the Lame constants the most convenient for this topic; 
these will be defined below. 

The methods used for the bars and beams were approximations but this is justified by the 
fact that the boundary value problem to the exact equations, which we shall develop, has 
only been solved for a limited number of cases. However, a knowledge of the propagation 
of plane waves in an infinite, and semi-infinite, solid provides much insight into the physi- 
cal nature of the phenomena previously studied. 

We shall develop the required equations in a compact, though complete, notation but the 
reader not familiar with three-dimensional elasticity should consult the appropriate texts. 



7.2 Strain 

Referring to Fig. 7.1 the point P is located at a position r and a nearby point P' is located 
at r + dr. The displacement of point P is « and that of P' is m + du. In terms of Cartesian 
co-ordinates 

dr = dxi dyj + dzk 



= (ijk) 



dx 

dy 

dz 



= (e)\dr) 



(7.1) 




Strain 



173 




where (e) is the column of unit vectors. 
Similarly 

u = uj + uj + u.k 



= (ijk) 

= (e)\u) 
For small variations 



du. = dx + 

dx 



^x 

dy 



dy + 



^x 

dz 



dz 



Therefore 
dWr 

dUy 

du. 

Let us define 

= {i i 

Then equation (7.3) may be written 
(du) = [(V)(uf]\dr) 



^x 


du. 


du. 


dx 


dy 


dz 


dUy 


dUy 


dUy 


dx 


dy 


dz 


dUz 


dUz 


dUz 


dx 


dy 


dz 



(Lc 

dy 

dz 



(7.2) 



(7.3) 



(7.4) 

(7.5) 



The total displacement (du) is due not only to a change in size and shape but also to a 
rotation as a rigid body. We confine our attention to small displacements so that the rotation 
may be regarded as a vector quantity 

Q = (e)"(Q,Q,Qy 



(7.6) 
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The rigid body displacement of P' relative to P is 

d«,„, = Qxdr (7.7) 

or in vector-miatrix terms (see Appendix 1), assuming the same basis on both sides of the 
equation 

(du\^ = [QJ^dr) (7.8) 

where 

0 -fi, n, ■ 

[nf = a 0 -Q, (7.9) 

[-n, n, 0 

From Fig. 7.2 it is seen that the rotation about the z axis is 






Thus, the total rotation Q is given by 





So, in short matrix notation. 




(7.10) 



(7.11) 



(Cl) = i[V]» 



(7.12) 




Fig. 7.2 
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or, in indicial notation, 

(7.13) 

The elastic displacement will be the total displacement less that due to rotation, so 

(^^)elastic ~ (^*^)total (du)rot (”7- 1 

= { (V)(w)" ^ ^ [V]\u) 'j(dr) (7.15) 

From Appendix 1 or by direct multiplication we have that 

[(V)»]’‘ = (u)(V)" - (V)(M)" (7.16) 

Therefore 

(d«) 3 nain = (V)(u)" " + (V)(«)" J(dr) (7.17) 



The first term in the braces is given in equations (7.3) and (7.5) and the second term is its 
transpose, so half the sum of the two is a symmetric matrix which is the strain matrix [e]. 
Hence 



(d«)sttain = [e](dr) 



where 



[s]= * 



(V)(u)" 



(V)(m)" 



dx 



sym. 



1 /o^M v ^ du , 
l\dx dy 

~dy 



1 /(?M. 

1\W 

1 jdu, 

2\dy 



^x 

dz 

dUy 

~dz 

du^ 

dz 



sym. 



I 

TYn 



TYx; 

1 

TTv: 



8, 



Figiu-e 7.2 shows the geometric definition of shear strain. 
In indicial notation 



(7.18) 

(7.19) 



(7.20) 



% = y(«,,y + W/.,) (7-21) 

Note that for i j, Sy = yY; . that is half the conventional shear strain, whilst £,; is the usual 
tensile strain. 
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7.3 Stress 

Figure 7.3 shows a tetrahedron with forces acting on all faces. The oblique face has an area 
and is acted on by a force 

F; = FJ + F,J + F^M = (c)Vn) (7.22) 

The area on which it acts is 

A, = (e)V„) (7.23) 

where 

(^J = aJ = {A, A, A,f 

The force on the face whose outward normal is in the x direction is 




where a„ is the conventional tensile stress and and are the conventional shear stresses. 
Similarly for the forces in the other two directions. 

The resultant force on the element is 

(FJ + (FJ + (FJ - (FJ = p(ii)volume 

Using equation (7.24) we have 

"^zx ^x 

Ay - (FJ = p(M)volume (7.25) 

T^xz a,. A, 

The right hand side is proportional to length^ whilst the left hand side is proportional 
to length^, so as ^ 0 the right hand side becomes negligible. Hence, for small 




Fig. 73 
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or 

(^n) = [a](^„) 



(7.26) 



where is a component of the area vector A„ and 





V 


'^zx' 






*7vx 


Ozx' 








= 


^xy 


Cfyy 


^zy 


T.v= 


^.vr 


a.. 




<^xz 

1 




<^zz^ 



is the stress matrix. 

The force vector is 

= {ef[G](e){e)\A„) 



(7.27) 



(7.28) 



Note that ie)(ef = [/] the unit matrix. 

The term (e)^[a](e) is the second-order stress tensor or dyadic. That is, it is the physical 
quantity which, when it premultiplies the area vector, gives the force vector. 

To show that the stress matrix is symmetrical consider an elemental rectangular volume 
as shown in Fig. 7.4. By taking moments about an axis through the centroid parallel to the 
X axis 

{a„dxdz)dy - (a„dydz)dx = pdxdydz ^ Q, 

In the limit as dx -> 0 

^xy - ^yx - 0 (7.29) 



which demonstrates that [a] is symmetrical. 




Fig. 7.4 

7.4 Elastic constants 

From the definitions of Young’s modulus and Poisson’s ratio 




(7.30) 
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where/? = -(a„ + a^, + aj,)/3, the mean pressure. 

By definition of the bulk modulus, K, 

p = -K^ 

where A = (e„ + + e^), the dilatation. Therefore equation (7.30) becomes 



or 



= 



o 4. 3^0 

(1 + u) " 

From elementary elasticity theory 

E = 2G(1 + u) 



and 



K = 



^ 2G(1 + u) 



3(1 - 2u) 3(1 - 2u) 

which means that equation (7.33) can be rewritten as 

The Lame constants X and p are defined by 
Cxt = 2ne„ + lA 

from which it follows that by comparison with equation (7.36) 
p = G 
and 

1 = 2Gu 

(1 - 2u) 

We also have 

V = G^xy 

<^xy = 2Gv„/2 = 2Gt„ 
or 

= 2pe„ 

It is now possible to write equation (7.37) in matrix form 



+ XA[I] 



or 



^xx ^xy ^X2 




^xx ^xy ^xz 


9vJr 


= 2p 


^yz 


^zx ^ 

1 4 




^zx ^zy ^zz 



[a] = 2p[s] + XA[/] 



(7.31) 

(7.32) 

(7.33) 

(7.34) 

(7.35) 

(7.36) 

(7.37) 

(7.38) 

(7.39) 



(7.40) 



(7.41) 



7.5 Equations of motion 

A small elemental volume is shown in Fig. 7.5. The resultant force due to the stresses act- 
ing on the faces with normals in the x direction is 
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\ 



Fig. 7.5 



^ Gy, (d>'dz)dx 



Summing for all three pairs of faces gives the total resultant force 









pi 

volume 

dy 



- [o](V)volume 

Equating this force to the rate of change of momentum leads to 
[a](V)volume = p volume («) 



(7.43) 



[a](V) = p(w) (7-44) 

where the double dots over the u signify the second partial derivative with respect to time 
and it being understood that 
_ a _ 6a 



= ^ etc. 

dX 



Equation 7.44 could be written as 

{(V)Vjr = 



(7.44a) 



7.6 Wave equation for an elastic solid 

In this section we shall derive the wave equations; that is, we need to eliminate stress and strain 
from the equation of motion already derived. We first collect together the equations needed. 
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Equation of motion 
[<t](V)= p(m) 
kinematics 

strain (e) = i | (V)(«f % (V)(u)" J 

dilatation A = (V)’^(u) = (u)^(V) 

rotation (Q) = -i[V]*(u) 

and the elastic relationships 
[a] = 2p[e] + XA[/] 

Substituting equations (7.41) and (7.19) into (7.44) gives 
M((«)(V)^ + (V)(u)^))(V) + XA[im = p(u) 

Now we premultiply by (V)^ so that 

1A(((V)^(«)(V)"(V) + (V)"(V)(«)"(V))) + XA(V)"(V) = p(V)\u) 
and using (7.32) 

p((A(V)"(V) + (V)"(V)A)) + ?iV'A = pA 



or 

p (AV^ + V^A) + = pA 

Hence 

(2p + X)V^A = pA 

In full 



(2p + X) 



/a^A ^ a^A ^ a^A\ 
\ dx^ a/ dz^ I 




which has the form of a classic wave equation in three dimensions. 
This time we premultiply equation (7.45) by [V]* so that 



li(([V]’‘(u)(V)" + mvxufmv) + X[V]’‘A(V) = p[V]*(u) 



Using equation (7.12) and noting that [V]*(V) = (0) we get 

p(20)V' + (0) + (0) = p(2Q) 
or 

pV\Q) = p(Q) 

Expanding we get three equations of the form 

a^fi^ a^Q, 

= p— ^ 



(7.44) 

(7.19) 

(7.32) 

(7.12) 

(7.41) 

(7.45) 



(7.46) 
(7.46a) 

(7.47) 



(7.47a) 




Wave equation for an elastic solid 1 8 1 



Again this is the form of a classic wave equation in three dimensions. 

The nature of the waves is best explored by the introduction of potential functions, one 
scalar fimction of position and one vector function of position. The functions are assumed 
to be defined such that 

(«) = (V )0 + [V]\xv) (7.48) 

The dilatation is then 

A = (V)"(M) = V^(0) + (V)^[V]\v/) 

= V^(0) (7.49) 

and twice the rotation 

2(Q) = [V]^^) = [V]\V)0 + [V]’‘[V]\m/) 



= [VnVtixif) 



(7.50) 



So we see that the dilatation is a function of the scalar function only and the rotation is a 
function of the vector function only. 

The wave equations can be written in terms of the potential functions. Equation (7.46) 
becomes 



(2p + X)V‘*0 = pV^0 



so 



(2p + X)V 0 = p0 
Similarly equation (7.47) becomes 

pV^[V]’‘[V]*(v|/) = p[V]’‘[V]\v) 



or 



[V]*[V]VvV) = p[V]’‘[V]*(v) 



Therefore 

pV^(v|/) = p(vt/) 

Expanding equation (7.51) we get 

\3x dy dz j dt 



(7.51) 



(7.52) 

(7.51a) 



A solution to this wave equation is 



0 = f(ct - s) 

where i is a line with components x, y and z. It follows that since 
s = X + y + z 
— f* — Cl 

where / is the direction cosine between s and x. 

Similarly 

and ^ = /« 

Substitution into equation (7.51a) yields 
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( 2 \i + k)(l^ + + nY" = p(cV" 

2 2 2 

As / + + n = 1 the phase velocity of a wave travelling in the direction of s is 

c = /[(2p + X)/p] (7.53) 

The displacement, from equation (7.48), is 
(«) = (V)"o 



= 



d0 

dx 



“v = 



30 

W 



u. = 



d0 

3F 



SO without loss of generality we may take 5 to be in the x direction, in which case 0 = 
0 (x). It is clear that the particle motion is then in the direction of propagation, that is it is 
longitudinal. The wave is often referred to as dilatational because of the nature of equa- 
tion (7.46) but, referring to Fig. 7.6, as there is no movement normal to the direction of 
propagation an elemental volume will change shape as the wave passes, and therefore 
some shear distortion occurs. The most accurate description of the wave is that it is irro- 
tational because, as we have shown in equation (7.50), rotation is a function of \j/ only. 

For a disturbance which is represented by the vector function (v|/), let us consider a wave 
propagating in the ;c direction. In this case is a function of jc only so equation (7.52) becomes 



^ dx^ 






3x 



P 






p 





(7.54) 




Fig, 7.6 (a) and (b) 
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■ 

0 


d 

dz 


1 


¥. 


d 

dz 


0 


d 

dx 


¥y 


d 

dy 

• 


d 

dx 


0 


¥z 



The displacement is 



(u) = [m\>) = 



or 

“r = + ¥z,y 

«v = 

W- = -¥x.y + ¥y,^ 

If (\|/) is a function of x only and (\|/) is constant in the yz plane then the displacement is 

“v = -¥z.r 
= ¥v..t 



which shows that the displacement is wholly normal to the direction of propagation. It is 
possible to choose the orientation of the yz axes so that = 0 and the displacement is in 
the z direction only. 

So, if 



3¥v 



the rotation (see equations (7.1 1) and (7.12)) 

(Q) = 1[V]^(M) 

yields 

o = _ 1 

^ dx 2 dx^ 

Q, = Q, = 0 

which shows that the rotation is about they axis. Figure 7.6(b) shows the deformation. From 
the figure it is clear that there is also shear deformation. As a result of this the wave is often 
called a shear wave but a more accurate description is equivoluminal because the dilatation 
is zero. The particle motion is transverse to the direction of propagation and is polarized 
because the direction of motion can be in any direction which is normal to the direction of 
propagation. The wave speed, from equation (7.52), is 



/(p/p) 

Summarizing the above results 


(7.55) 


Correct name 


Irrotational 


Equivoluminal 


Common name 


Dilatational 


Shear 


In seismology 


Primary 


Secondary(Horizontal or Vertical),polarization 


Displacement 


Longitudinal 


Transverse 


Wave speed 


•/[(2p + X)/p] 


•/ (p/p) 


Symbols 




C2> Cj) ^SV 
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7.7 Plane strain 

In the previous section we studied a three-dimensional wave and found that two types of 
wave could be propagated, one with motion in the direction of travel and the other with 
motion normal to the direction of travel. Both types of wave arose as a solution to the three- 
dimensional wave equation in displacement u, rotation il, the scalar function 0 or the vec- 
tor function \|/. If the direction of propagation is parallel to a vector s = se,e being the unit 
vector, then we would expect a solution of the form used in the one-dimensional case to be 
applicable. So for any component of displacement we can write 

u = f{ct - s) 

for a wave travelling in the s direction. 

Now, choosing a suitable origin, 

s = xi + yj + zk 

and 



e = li + mj + nk 

where /, m and n are the direction cosines of the vector s. So 
s - e-s = lx my + nz 
and therefore 

u = f{ct - s) = f[ct - (lx + my + nz)] (7.56) 

The argument of /is, 

(arg/) = ct - (lx + my nz) (7.56a) 

(we shall not use z in this chapter for the argument). 

If we choose to consider a sinusoidal wave of the form 

« = 

then we introduce a quantity k, as before, where k has the dimension (1/length) and is 
the wavenumber. If we make k the magnitude of a vector K then the argument could be 
written 

(arg/) = ckt — ks ckt - K-s 

where 

K = kj + kyj + k.k (7.57) 

As before ck is identified as the circular frequency co, so 
(arg/) = (at - K s 

= (0/ - (k^x + kyy + k^) (7.58) 

If we wish to retain the use of an arbitrary function / then we need to modify the argument 
so that all wave functions have the same time component. This can be achieved by writing 

(a,*/) = , y p) 



(7.59) 
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This is now necessary as we can have two waves in the same medium travelling at different 
speeds. In the one-dimensional case, although we encountered different speeds of propaga- 
tion, they were not superimposed. It was only required that the boundary conditions were 
satisfied. 

We now restrict our attention to waves whose direction of propagation is in the xz plane 
and the particle motion is also confined to the xz plane. This implies that w,, = 0 and no 
quantity varies in the y direction. 

Referring to Fig. 7.7 

I = sin0 m = 0 and n = cos0 



Therefore the argument is 
(arg/) = 



t -|™sin0 + -4-COS0 
c c 



In terms of potentials the displacement is 
(M) = (V)"0 + [V]’‘(M/) 

The conditions specified are met if B/dy = 0 and = \j/. = 0. Thus 



(M) = 



<?0 




0 


d 


dx 






0 


+ 


d 


0 






dz 




<?0 




0 


d 


dz 




dx 



0 

d 



0 

Vy 

0 



d0 

dx 

dQ 






a\|/v 

dz 

dMf, 



= 0... - Vy,. 



From equation (7.17) 

(e) = |[[(V)(«)"]"+ [(V)(M)]] 



(7.60) 



(7.61) 

(7.62) 




Fig. 7.7 
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Because the strain is planar we will need only the first and third rows and first and third 
columns. Thus 



(V)(«f = 



d 

dx 

_d_ 

dz 



(0.x - 0,z + ¥v.x) 



0.xr ~ ¥v,« 
0..rr - ¥v,z.- 



0x:t + ¥v,« 
0,= + ¥v.xr 



Hence the strain is 

I 

0,« - ¥v,« 

[E] = 

0.xr - y(¥v.=- ¥v.xr) 

and the dilatation 

A = V^0 = 0„ + 0^ 

From equation (7.41) the stress is 
[a] = 2p[e] + >.A[/] 
which in two dimensions is 

f0.xx - ¥v.z.r 



0..tr - y(¥v.rz- ¥v.«) 

0.ZZ + ¥v.xz 



(7.63) 



(7.64) 



[a] = 2\i 



0.XZ - i^¥v.zz- ¥v.xx) 



0.XZ - y<¥v..-z- ¥v,xx)' 
0.ZZ + ¥r.xz 



+ X 



0.XX + 0.ZZ 
0 



0.XX + 0.ZZ 



(7.65) 



Note that although the strain is planar there will be a component of stress but this is not 
relevant in the problems to be discussed. 

7.8 Reflection at a plane surface 

We shall now use the equations developed in the last section to snidy the reflection of a wave 
incident on a surface given by z = 0. First we consider a dilatational wave approaching the 
surface such that the direction of propagation makes an angle Bj with the normal to the 
surface, see Fig. 7.8. The potential function for this wave will be 



0i = 0. 



^sin(0j) + -|-cos(0j) 



(7.66) 



We now assume that both a dilatational and a shear wave will be reflected; the functions will be 



and 



0r = 0, 



¥r = ¥r 



-|.^sin(0,) - -|^cos(0,) 
-|.isin(a,) - -^cos(a,)j| 



(7.67) 

(7.68) 
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Fig. 7.8 Reflection of dilational wave at free surface 

where is the reflected V|/y function. Note the change in sign of the z terms because the 
reflected waves are travelling in the negative z direction but still in the positive x direction. 

For z = 0 the functions represent a wave moving along the surface. Therefore the phase 
velocity given by each function must be identical 






sin(0i) sin(0j) sin(Oj) 



(7.69) 



Hence 



0r = 



sinfUr) = sin(0j) 

^1 



(7.70) 



This relationship is, of course, Snell’s law. 

The angle of reflection is now determined but we need to calculate the relative amplitudes 
of the reflected waves. These will be determined by the boundary conditions at the free 
surface. The conditions are that the direct stress and the shear stress at the surface shall at 
all times be zero. From equation (7.65) 

= 2p(0i,,, + 0,.^- + 

+ X(0i.^ + 0„, + 0,,, + 0,.„) (7.71) 



= 2p 0;,^, + 0,^, -y(¥r.r.- 



(7.72) 



As both of these equations equate to zero we can substitute from equations (7.66) to (7.68) 
and divide through by the common factor to give 

0 = 0i[j^ + 
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and 



n 

- Vr 



COS a sina\ 

2 ) 



{ COS0 sin0 \ » / sin0 cos0 \ 



1 ;; / cos^a sin^a 



where 0 - 0j - 0^ and a = 0 ^. The primes signify differentiation with respect to the argu- 
ment. Multiplying through by 2c] and taking 0 | to be unity gives 



(2cos^0 + A) — (C|/c 2 )^sin 2 a 


ft 

0r 




— (2cos^0 + A) 


—sin 20 — (c,/c 2 ) cos 2a 


Vr 




— sin20 



From equations (7.38) and (7.39) 

X, _ 2u 
T (1 - 2i>) 



(7.74) 



and from equations (7.53) and (7.55) 

c, ^ ^ + 2p V'2 ^ / 2 - 2u Y" 

C2 \ p / \ 1 - 2u j 



(7.75) 



(Note that if u = 1/3 then A,/p = 2 and c/cj = 2.) 

Given the angle of incidence equation (7.73) can be solved numerically for the relative 
amplitudes. The results of such calculations are given on Fig. 7.8 for three values of 
Poisson’s ratio. Notice the sensitivity to Poisson’s ratio. 

The above analysis gives the ratio of the second derivatives of the arbitrary potential func- 
tions, which will be the same as the ratios of the fimctions themselves. From equations 
(7.61) and (7.62) it is seen that for the dilatational waves 



= 0 ^ and u. = 0 . 



so the displacement amplitude of a dilatational wave is 



, 2 . 2^]/2 _ 

(«r + = 



0^sin^0 0'^cos^0\'^2 

, + 






= o/C| 

For the shear waves the displacement is 
w. = -Vv.z and u, = 
so the amplitude of a shear wave is 

+ 



, 2 ^ 2J/2 jVySin^a VJ cosset 

(«r + « z ) = ' 









1/2 



= \|/y/C, 



(7.76) 



(7.77) 



From equations (7.76) and (7.77) the relative amplitudes of the reflected waves may be 
found directly from the ratios of the potential functions. 

For an incident shear wave the procedure is identical to that for the incident dilatational 
wave. Here the fimctions are 




and 



V|/i = 0,\t 





Vr = 0r U 
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(7.78) 

(7.79) 



0r = Vj/r 



t -l^sina, - ^cosct. 



(7.80) 



Using these functions in conjunction with equations (7.71) and (7.72) the surface stresses 
can be equated to zero to produce 



sin 20 
cos 20 



+ 2cos^a) 
(c2/c,)^sin2a 



sin 20 
-cos 20 



(7.81) 



Figure 7.9 shows a plot of the relative amplitudes. Here it is noticed that no waves are 
propagated if the angle of incidence exceeds a value of 30° to 35°, the exact value depend- 
ing on Poisson’s ratio. Although the reflected amplitudes appear to be large the energy in 
these waves can be shown to be equal to the incident energy. 




Fig. 7.9 Reflection of shear wave at free surface 



7.9 Surface waves (Rayleigh waves) 

Here we are seeking a solution to the wave equations of a form in which the amplitudes 
decay with distance from a free surface. In this case we shall postulate a running wave solu- 
tion with potential functions 



0 = ^(2)e^'”' - 


(7.82) 


v|/„ = 5(7)0^'“" - 


(7.83) 
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which is compatible with particle movement in the xz plane, as in the previous section. Also 
we have the same boundary condition of zero stress at the free surface. 

The wave equation (7.51) can be written 

+ 0.Z.) = 0 



Substituting from equation (7.82) and dividing through by the common factor gives 






dz 



or 



Let 



~dp~ 



- 



Ct) 






A = Q 



P\ = 



0 



2 \l/2 



(7.84) 



(7.85) 



so that 



d^A 



-pU -0 



(7.86) 

(7.87) 



The general solution to this equation is 
A = ae^^>‘ + be'''^ 
where a and b are arbitrary constants. 

We require A to tend to zero as z tends to infinity and therefore 6 = 0 and atz = 0,A =Ag 
and thus a = Ag. Hence 

A(z) = Aoc'"’" (7.88) 

The wave equation (7.52) can be written as 

+ Vv.zz) = ¥v 

so substituting equation (7.83) yields 



B(z) = B„e 



where 



2 \l/2 



I ;2 0 

P2 - \k - —r 



The potential functions are now 






and 



r» -P^ JCorf - tf) 

V, = B^e d 

Equation (7.65) gives the stresses as 

^zz = 2p(0,„ + v(/,,„) + + 0^) = 0 

and 



(7.89) 

(7.90) 

(7.91) 

(7.92) 



^xz = 2p 



0« -^(¥y,zz - Wy.J 



= 0 
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Thus at z = 0 



0 = 2n(/>^^o - + p\Bq) 



0 = 2ii -jkp^Ao ~^{p\ + k^)Bi 



(X + i)i)p] -xe 



[-']kp{2\i -(/ 

From equations (7.38) and (7.39) 

X _ 2o 
“F 1 - 2u 



-ikp22\y Ao 
~(p\ + k^W Bq 



(7.93) 



^ X + 2[i ^ ^ 2 = 2 - 2u 



1 - u 



(c./cj) = R 



(7.94) 



Xl\i = R - 2 

Dividing all terms in equation (7.93) by \iJc gives 



{R[l - (c/c,f] - {R - 2)} 
-j2/[l - (c/c,f] 



(c/c^)1 Uo 



[1 - (dc^Y + 1] 5o 



(7.95) 



For a non-trivial solution the determinant of the square matrix must be zero. Thus 

-[2 - (C/C^YY + V{[1 - (dc 2 Y/R][l - idc^Y]} = 0 

A little more algebra leads to the following cubic in {C/C 2 Y 






^ - -m ^ 



- 16 = 0 



where 






(7.96) 



(7.97) 



It is well known that for a positive Poisson’s ratio the value cannot exceed 0.5. Analysis of 
the cubic shows that there is always one real root with c < C 2 . For u < 0.263 there are three 
real roots but the upper two are for wave speeds greater than c, which are not admissible. The 
speed of the Rayleigh wave does not depend on frequency but only on the elastic constants. 

From the first equation of (7.95) the ratio of the amplitudes is 

Bo _ :( 2 - {CIC 2 Y \ 



■^0 



(7.98) 
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For ease of reference let Bq/Aq = -/p. (7.99) 

The computed values of wave speed and relative amplitudes of the potentials are given in 
the following table: 



y 0.250 0.300 0.333 

c/c2 0.919 0.927 0.933 

Bq/Aq -jl.47 -jl.52 -jl.56 



From equations (7.61) and (7.62) we have 

w.r = 0 , - y,u- 
and 





u. = 


0-- + Vv..r 




Substituting 


from equations 7.91 and 7.92 






= 


A.e-'^r-jk/'^ - - Boe-^r-ple^^'^ ~ 






u. = 


Aoe-^’r-pe^^^^ - + B,e-"r-jk/'^ - 




Atx 


= 0, z 


= 0 we get 






= 


(-j^/lo + PiBo)e^"‘' 


(7.100) 




U. = 


{-P\Aq - jA:Ro)e^“' 


(7.101) 


Using 


; equation (7.99) the ratio of the displacements may be written as 






u. 


. -j^{l + P/[l - {clc^fVi 


(7.102) 




“r 


-k{V[l - {dC2)\c2/C,f] + P) 




For u 


= 0.3 


we have that dc^ = 0.927 and p = 1 .52. Thus 






u, _ 

w7 ” 


jl.52 


(7.103) 



This means that the amplitude of the displacement in the z direction is 1.52 times that in the 
X direction and is leading by 90°. That is, the motion is elliptical with the major axis verti- 
cal and the particle motion anti-clockwise. 

The Rayleigh waves are similar to deep-water gravity waves except that the speed does 
not depend on wavelength. When dealing with high-frequency waves in a bar the Rayleigh 
wave is often the form of propagation, the motion being concentrated in the region near the 
surface. The exact solution for waves in an infinite cylindrical bar was developed by 
Pochammer and Chree and here the Rayleigh wave was the form for high-frequency axial 
and bending waves. 

7.10 Conclusion 

In these last two chapters we have attempted to bring out the most important physical 
aspects of wave propagation in elastic solids. Many of the ideas are new when compared 
with rigid body mechanics and to normal mode vibration theory. Wave methods are most 
useful for short-duration phenomena such as impact. The time scale is judged by compar- 
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ing the impact time with the time taken for a disturbance to be reflected back from a 
boundary. Large-scale events like earthquakes require wave study and so do small-scale 
events where the wave speed is relatively low, as in problems involving springs. 

The three-dimensional waves have been described using Cartesian co-ordinates but many 
interesting problems are best solved using cylindrical or spherical co-ordinates. The funda- 
mental equations have been developed using the vector operator 



= (e)\V) = (V)"(e) 

The operations on a typical scalar 0 and a typical vector can be summarized. 
The matrix form (V)o has its vector counterpart 

(e)^(V )0 = V 0 = gradient 0 
Similarly (V)^(v|/) = (V)^(e)-(e)^(v|/) is the scalar 
r-y = divergence \|/ 

Also [V]’‘(\j/) = [V]’‘(e)-(e)^(\l/) has its vector form 

= curl(orrot)y 



Because all the equations derived in this chapter assume a common basis for the vectors 
(i.e. i,j and k) the following identities can be made 



(V)0 

(V)"(v) 



grado 

divv/ 

curl\|/ 



The expressions for div, grad and curl in cylindrical and spherical co-ordinates are given in 
Appendix 3. Also included are the relevant expressions for stress and strain. 




8 

Robot Arm Dynamics 



8.1 Introduction 

In this chapter we examine the way in which three-dimensional dynamics is applied to a sys- 
tem of rigid bodies connected by various types of joints. Initially we shall describe some 
typical arrangements of robot arms together with their end effectors. We shall only be con- 
cerned with the overall dynamics and not with the detail. This is a vast subject area of which 
dynamics is a substantial and vital part. 

8.2 Typical arrangements 

8.2.1 CARTESIAN CO-ORDINATES 

Figure 8. 1 shows the arrangement of a rectangular robot arm where the position of the end 
effector is located by specifying the x, y, z co-ordinates. Each joint responds to one co-ordi- 
nate, and all joints in this arrangement are sliding joints. An end effector is usually a grip- 
per or hand-like mechanism; these will be briefly described later. 



y 




Fig. 8.1 
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8.2.2 CYLINDRICAL CO-ORDINATES 

A typical cylindrical co-ordinate arm is shown in Fig. 8.2. In this case the joints respond to 
r, 9 and z co-ordinates with the joints being sliding, revolute and sliding respectively. 




Fig. 8.2 



8.2.3 SPHERICAL CO-ORDINATES 

As can be seen from Fig. 8.3 this arm is controlled by specifying r, 9 and o with the joints 
being sliding and two revolute. 




8.2.4 REVOLUTE ARM 

A very common layout is shown in Fig. 8.4(a) in which all joints are revolute; this is a ver- 
satile system and more akin to the human arm. 

8.2.5 END EFFECTOR 

A simple end effector in the form of a gripper is shown in Fig. 8.5. This example has three 
degrees of freedom plus a gripping action. The movements at the wrist are often referred to 
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as roll, pitch and yaw. It is quite conunon to find that for some end effectors only roll and 
pitch are provided. 

8.3 Kinematics of robot arms 

In this section we shall first revise and extend the study of the kinematics of a rigid body 
with particular reference to rotation about a point and change of reference axes. The con- 
cept of homogeneous transformation matrices will then be introduced so that a systematic 
description of arm position and displacement can be made. 

The most common task to be performed is; given the path of the end effector, determine 
the magnitudes of the joint displacements as functions of time. This is referred to as the 
inverse kinematic problem and is usually more difficult than the forward problem of calcu- 
lating the path of the end effector given the joint positions. The obvious exception is the case 
of the Cartesian system. 

For one position of a cylindrical system 

y) 

z = z (8.1) 

9 = arctan (y!x) 
and for a spherical system 

r - ^{x + y + z) 

0 = arctan [z/\ (x^ (8.2) 

0 = arctan iytx) 

For the revolute arm of Fig. 8.4(b) 

9, = arctan (y/x) 
r = , (x^ + y) 
c = , (r^ + z^) 

A = arccos [ (if + - lf)/(2l2c)] (8.3) 

B = arcsin [ (Ij/I,) sin^l] 

02 = arctan (z/r) - B 
= A + B 

8.3.1 VECTOR-MATRIX REPRESENTATION 

A position vector p (shown in Fig. 8.6) has scalar components p^, Py and p^ when referred to 
the xyz fiume. This is written 

P = iPx + jPy + kp, (8.4) 

which, in matrix form, becomes 



P = (*■ j k) 



Px 

Py 

Pz 
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Fig. 8.6 



If we let 

ip) = (PxPyPzf 
and 

(e) = (ijkf 

then 

P = iefip) 

If the same vector is viewed from the set of primed axes as shown in Fig. 8.7 

P = (e')\p') 




Fig. 8.7 



8.3.2 CO-ORDINATE TRANSFORMATION 
Since 



(8.5) 

( 8 . 6 ) 



P = ie'f(p') - (efip) 



(8.7) 
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let us premultiply both sides by (e'), it being understood that the products of the unit vec- 
tors shall be the scalar products. 

Thus 

ieW)\p') = ie’)(ef(p) ( 8 . 8 ) 

Now 











i'-f 


i' k' ' 




/ 


{i'j'k') = 


j' i' /•/ 


j'k' 










^k' i' k' f 


k - k' _ 




■ 1 


0 


0 ’ 






= 


0 


1 


0 








0 

1 


0 


1 _ 







so that equation (8.8) reads 
ip') = ie')ie)\p) 



(8.9) 



(8.8a) 





/ /'\ 




r- / i' j r k' 




r 


{ijk) 


= 


j' i j' j f k 








k' i k'- j k'- k 

■ ■ 




■ i. 


m, n/ 




— 


h 


m, n. 






i. 

■ * 


m. n, 

* i j 





where /,, m.. n, are the direction cosines between the x' axis and the x, y, z axes, as shown 
in Fig. 8.8. 

Now let [®] = (e'){ef so that equation (8.8a) becomes (/?') = [t!C](p); therefore is a 
transformation matrix. From the definition of the inverse of a matrix (p) = [®]”'(p') but by 




Fig. 8.8 
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premultiplying equation (8.7) by (e) and noting that (e)(ef = [/], the identity matrix, we 
obtain (p) = (e)(e') (p’). By inspection it is seen that (e)(e')^ is the transpose of (e')(ef. 
This is also seen from the rule for transposing the product of matrices, that is [(e'){eyf = 
ie){e')\ 

From this argument it is apparent that [tC] ' = [t!i:]\ so by definition [C] is an orthogonal 
matrix. 

8.3.3 FINITE ROTATION 

We shall now consider a closely related problem, that of rotating a vector. 

Consider a vector p^ relative to fixed axes X, Y, Z. A further set of axes, U, V, W, moves 
with /j, and may be regarded as rigidly fixed top, . If the UVW axes are rotated about the ori- 
gin then relative to the fixed axes p, moves to pj as shown in Fig. 8.9. 



Z 




Fig. 8.9 

Using the prime to indicate components seen from the UVW axes we have that initially 
(pi) = (p,). We now look at p 2 from the rotated axes UVW so that its components (pj) = 
[®](P 2 ), but because the vector is fixed relative to the UVW axes, (pi) = (pi) = (pi) and thus 
(P2) = m~'(p,)- 

If we define the rotation matrix [R] by (P 2 ) = [R](p\ ) then 

[/?] = [®r' = [®r=(^)(^f (8.11) 

8.3.4 ROTATION ABOUT X, Y AND Z AXE S 
In general the rotation matrix is given by 

/ 1' 

ji' 
k-r 

So for rotation of the UVW axes by an angle a about the X axis, referring to Fig. 8.10, and 
noting that 1 = 1 " and that j f = cos(angle between the Y axis and the V axis) = cos a, etc., 
the rotation matrix is 





f'-\ 


[R] = 






i*/ 



i j' i k' 
J-r J k' 
kf kk'\ 



( 8 . 12 ) 
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[^].a 



0 

0 



0 . 0 
cos a —sin a 
sin a cos a 



This result should be verified by simple trigonometry. 
Similarly for a rotation of P about the Y axis 



[RU = 



cos P 
0 

L —sin p 



0 

1 

0 



sin p 
0 

cos P J 



and for a rotation of y about the Z axis 
cos y -sin y 0 
= sin y cos y 0 
0 0 1 



(8.12a) 



(8.13) 



(8.14) 



Note that by inspection 

[^ l ;' = [R]L = [Ri.-. ( 8 . 15 ) 

That is, the transpose is the same as the inverse which is also the same as rotation by a neg- 
ative angle. 



8.3.5 SUCCESSIVE ROTATIONS ABOUT FIXED AXES 

In this section we shall adopt a simpler notation for rotation matrices, replacing by 
[A",a] to mean a rotation of a about the fixed K axis. 

If a vector with components (p,) as seen from the fixed axes is rotated about the K axis 
by an angle a, then the new components are 

(p,) = [X,a](p,) 



(8.16) 
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If now this vector is rotated about the Y axis by an angle p then the components will be 

iPi) = = tr,p][X,a](/7,) (8.17) 

It follows that any further rotations result in successive premultiplications by the appropri- 
ate rotation matrix. 

In the above case the new composite rotation matrix is 

' cos p 0 sin P ' ‘ 1 0 0 

[/?] = [y,p][X,a] =0 10 0 cos a —sin a 

sinP 0 cos P _ 0 sin a cos a 

Cp SpSa SpCa 

0 Ca — Sa 

-Sp CpSa CpCa 

where the usual abbreviations are made by writing C for cosine and S for sine. 

It must be emphasized that reversing the order of the rotations produces a different result 
because [Jf,a][f,p] ^ [y,p][A^,a]. 




8.3.6 ROTATION ABOUT AN ARBITRARY AXIS 

If we wish to form the rotation matrix for a rotation of 0 about an axis defined by the unit 
vector n as shown in Fig. 8.1 1, one method is given in the following steps: 

1 . Rotate the axis of rotation so that it coincides with one of the fixed axes. 

2. Rotate the body by 0 about that axis. 

3. Rotate the axis back to its original position. 




Fig. 8.11 
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Referring again to Fig. 8. 1 1, 

Step 1 : Rotate the axis about the Y axis by P followed by a rotation of y about the Z axis; 
tan p = nil and sin y = m, where /, m and n are the components of the unit vector n. Note 
that in this example y would be numerically negative. 

Step 2: Rotate by 0 about the X axis. 

Step 3: Rotate back. 

In matrix form 

[RU = {[Y,-mz,y]} {[X,0]} {[z-ywm 

{step 3 } {step 2} {step 1 } (8.18) 

(Remember that [y,P]”' = [y,-p].) 



Alternative method 

A vectorial relationship can be achieved as is shown in Fig. 8.12. Here n is the unit vector 
in the direction of the rotation and 0 is the finite angle of rotation. Owing to the rotation the 
vector r becomes r’ . The vector r generates the surface of a right circular cone; the head of 
the vector moves on a circular arc PQ. N is the centre of the circular arc so 

n r = j r I cos a = ON 

and 

I « X r I = I r I sin a = NP = NQ 

— ^ 

Note also that the direction of « x r is that of VQ. 

Now 

r' = ON + IW + 

= #i(/i • r) + [r - n{n ■ r)] cos 0 + (#i X r) sin 0 




Fig. 8.12 
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= rcos0 + /i(«-r)(l - COS0) + (« x r)sin0 (8.19) 

If we use the same basis for all vectors then the above vector equation may be written in 
matrix form (see Appendix 1 on vector-^natrix algebra) as 

(r)' = (r)cos 0 + (n)(«)V)(l “ cos 0 ) + [«]’' (r)sin 0 (8.20) 

where 



(n) = (Imnf (r) = (w,)^ 

'0 —nm 
[nf = n 0 -I 
^-m I 0 
(/, m and n are the components of n referred to the chosen set of axes). 



8.3.7 ROTATION ABOUT BODY AXES 

It is very common for rotation to take place about axes which are fixed to the body and not 
to axes which are fixed in space. For example, with the end effector, or hand, the axes of 
pitch, roll and yaw are fixed with respect to the hand. 

Let us first consider a simple case of just two successive rotations. In Fig. 8.13 a body 
with body axes UVW is initially lined up with the fixed XYZ axes. The body is first rotated 
by a about the Yaxis and then by y about the Z axis. Exactly the same result can be obtained 
by a rotation of y about the W axis followed by a rotation of a about the U axis. This can 
best be demonstrated by using a marked box as shown in Fig. 8.13(a). 

The rotation matrix for the first case is 

[R] = [Z,y][X,a] 

The form of a transformation matrix for rotation about the X axis is identical to that for rota- 
tion by the same angle about the U axis, similarly for the Y and V axes and also the Z and 
W axes. So [Z,y][Y,a] must be equivalent to [W,y][U,a.]. Note that the matrix for the second 
rotation now postmultiplies the matrix for the first rotation rather than premultiplying as it 




Fig. 8.13 (a) 
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did in the case of rotation about fixed axes. Because the first two rotations were completely 
abitrary it follows that the rule is general. However, further justification will now be given. 

After the two rotations just made a further rotation p is now made about the V axis. 
This could be treated as a rotation about an arbitrary axis by rotating the body back to the 
initial position, rotating about the Y (or V) axis and then rotating the body back again. 
That is, 

{rotate back} {[T,p]} {return to base) {first two rotations} 

[R] = [Z,y][X,a] [T,p] [;r,-a][Z,-y] [Z,y][X,a] 

= [W,y][U,am] (8.21) 

Note that [Z,-y][Z,7] = [X,-a][X,a] = [i], the identity matrix. This process can clearly be 
repeated for any further rotations about body axes. 

In summary, for rotation about a fixed axis the new rotation matrix premultiplies the exist- 
ing rotation matrix and for rotation about a body axis the new rotation matrix postmultiplies 
the existing rotation matrix. 

8.3.8 HOMOGENEOUS CO-ORDINATES 

The objective of this section is to find a way of producing transformation matrices which 
will allow for translation of a body as well as rotation. 

For a pure translation « of a body, a point defined by a vector p, from some origin will be 
transformed to a vector pj where pj- P\ + «, or in terms of their components 

PZx = P\x + M.V 
Ply = Pu + Uy 
Pl2 = P\z + W- 
or 



iPi) = (Pi) + (w) 



( 8 . 22 ) 
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For a combined rotation followed by a translation 

iPi) = [^](/?i) + (w) (8.23) 

If we now introduce an equation 

1 = (0V(P,) + 1 (8.24) 

(where (0) = (0 0 0)^, a null vector), we may now combine equations (8.23) and (8.24) to 
give 



■ ipl) ' 




■ m («)][ (pj 


. 1 . 




. (0) 1 J [ 1 . 



or, in abbreviated form, 

(A) = [n(A) (8.26) 



Here (p) is the 4 x 1 homogeneous vector and [F] is the 4 x 4 homogeneous transfor- 
mation matrix. In projective geometry the null vector and unity are replaced by variables so 
that the transformation can also accomplish scaling and perspective, but these features are 
not required in this application. 

For pure rotation (u) = (0) and for a pure translation [i?] = [/] (the identity matrix). There- 
fore if we carry out the translation first (which is simply the vector addition of p, and «) and 
then perform the rotation the combined transformation matrix will be 



■ [R] (0) ■ 


■[/] («)■ 




■[R] [/?] («)• 


. (0)" 1 . 


,(0)" 1 . 




. (0)" 1 . 



so the transformed vector is 



(P 2 ) =mPi) + [^](«) = [^]((P.) + («)) 

as would be expected. Note that rotation followed hy translation produces a different result. 
This is because the rotation is about the origin and not a point fixed on the body. 



8.3.9 TRANSFORMATION MATRIX FOR SIMPLE ROBOT ARM 



Figure 8.14 shows a Cartesian co-ordinate robot arm. It is required to express co-ordinates 
in UVW axes in terms of the XYZ axes. This can be achieved by starting with the UVW axes 
coincident with the XyZ axes and then moving the axes by a displacement L parallel to the 
Z axis, M parallel to the X axis and then by N parallel to the Y axis. (The order of events in 
this case is not important.) Writing this out in full we obtain the overall transformation 
matrix 



10 0 0 
0 1 0 
0 0 10 
0 0 0 1 



1 0 0 jW 
0 10 0 
0 0 10 
0 0 0 1 



1 0 0 0 1 
0 10 0 

0 0 1 z, 

0 0 0 1 



ri 0 0 Ml 
0 1 0 
0 0 1 E 

0 0 0 1 



This result is equivalent to a single displacement of {M N L.f. 

We now consider a spherical co-ordinate arm as shown in Fig. 8. 1 5 again starting with the 
two sets of axes in coincidence. First we could translate by along the X axis, then rotate 
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■ C 6 C 0 


-se 


C0S0 


d^CQCo 


S6C0 


C0 


S0S0 


d^SQCo 


-S0 


0 


C0 


-d,S 0 


0 

■ 


0 


0 


1 



The above sequence could be interpreted as a rotation of 6 about the W axis, a rotation of 0 
about the V axis and finally a translation along the f/axis, as shown in Fig. 8.16. 



W, W 




Fig. 8.16 



V, V" 
V 



8.3.10 THE DENAVIT-HARTENBERG REPRESENTATION 

For more complicated arrangements it is preferable to use a standardized notation describ- 
ing the geometry of a robot arm. Such a scheme was devised in 1955 by Denavit and Harten- 
berg and is now almost universally adopted. 

Figure 8.17 shows an arbitrary rigid link with a joint at each end. The Joint axis is desig- 
nated the z axis and the joint may either slide parallel to the axis or rotate about the axis. To 
make the scheme general the joint axes at each end are taken to be two skew lines. Now it 
is a fact of geometry that a pair of skew lines lie in a unique pair of parallel planes; a clear 
visualization of this fact is very helpful in following the definitions of the notation. The /th 
link is defined to have joints which are labelled (/ - 1) at one end and (/) at the other. It is 
another geometric fact that there is a unique line which is the shortest distance between the 
two z axes, shown as N,_, to O, on Fig. 8.17, and is normal to both axes (and both planes). 

If the joint axes are parallel then there is not a unique pair of planes, so choose the pair 
which are normal to N,_, O,. The origin of the (/ - 1) set of axes by definition lies on the 
z,_i axis but the location along this axis and the orientation of the jc, _, axis have been deter- 
mined by the previous links. 

The /th set of axes have their origin at N, and the x, axis is the continuation of the line N,_ , 
to O,. If the joint axes are in the same plane it follows that x, is normal to that plane. This 
can be seen if the two planes are almost coincident. 
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The parameters which are used to define the link geometry and motion are: 

0. is the joint angle from the jc,_, axis to the x, axis about the z,_, axis. A change in 0, indi- 
cates a rotation of the /th link about the z, _, axis. 

dj is the distance from the origin of the (/ - l)th co-ordinate origin to the intersection of 
the z,_, axis with the x, axis along the z,_, axis (i.e. 0,_, to N,_,). A change in rf, indicates 
a translation of the /th link along the z,_ , axis, 
a, is the offset distance from the intersection of the z,_, axis with the x, axis to the origin of 
the ith frame along the x, axis (i.e. N,_, 0„ the shortest distance between the two joint 
axes). 

a, is the offset angle from the z,_ , axis to the z, axis about the x, axis. 

As in the simple cases considered previously we wish to perform a transformation of co- 
ordinates expressed in the /th co-ordinate system to those expressed in the (/ - l)th sys- 
tem. We achieve this by first lining up the /th to the (/ - l)th frame and consider the 
operations required to return the /th frame to its proper position. This is achieved by the fol- 
lowing actions: 

1 . Rotate by 0, about the z,_ , axis. 

2. Translate by along the z,_, axis. 

3. Translate by a, along the x, axis. 

4. Rotate by a, about the x, axis. 
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The first two transformations are relative to the current base frame (xyz),_, while the last two 
are relative to the body axes Thus the overall transformation matrix is 

Note the order of multiplication. This overall transformation matrix is often called the A 
matrix. In full we have 

ce, -se,. 0 
se, ce, 0 
0 0 1 

0 0 0 

■ ce,. -se,Ca, se,sa, 
se, ce,Ca, — ce,Sa, 

0 Sa, Co, 

,0 0 0 

So we may now write 

(A-i) = ,-,[^L(A) (8-28) 

For a complete robot arm the A matrices for each link can be computed. The complete 
transformation is 

(A) “ o[-^]l ■ ■ • n-\\A\ {P)n (8.29) 

8.3.1 1 APPLICATION TO A SIMPLE MANIPULATOR 

Figure 8.18 shows a simple manipulator consisting of three links, all with revolute joints, 
and a gripper. We shall consider the problem in two stages, initially being concerned with 
the positioning of the end effector and later with its orientation and use. 

The first task is to assign the axes; this has to be done carefully as it must obey the rules 
given in the previous section. The first link, a vertical pillar, rotates about the Zq axis and the 
Xq axis is chosen, arbitrarily, to be normal to the pin axis at the bottom of the pillar. The other 
two links are pin jointed as shown. The z, axis is the pin axis at the top of the pillar and the 
X, axis is normal to the plane containing the Zq and z, axes. The Z 2 and zj axes are both par- 
allel to the Z| axis. The axis lies along link 2 and the Xj axis is along link 3. 

We can now produce a table showing the parameters for each of the three links: 



= 



10 0 0 
0 10 0 
0 0 w, 
0 0 0 1 



0 
0 
0 
1 

fl,ce, 

a,se, 

1 



■ 


■10 0a,' 


p 




0 10 0 






0 0 10 




■ 


0 0 0 1 

■ ■ 





1 0 0 0 ' 
0 Co, — Sa, 0 
0 Sa, Ca, 0 
0 0 0 1 



(8.27) 



Link 


e 


d 


a 


a 


1 


6i 




0 


+90' 


2 


02 


0 


fl2 


0 


3 


03 


0 


a? 


0 



The three variables are e,, Oj and Oj; all other parameters are constant. 

Notice that a is the shortest distance between the z axes and d is the shortest distance 
between the x axes. 
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In this arrangement d^, aj and a^ are constant so that the relevant A matrices are 






.[^]2 = 



i[A], = 



ce, 


0 


S0, 


0 ■ 


se, 


0 


-C0, 


0 


0 


1 


0 




0 


0 


0 


1 

■ 


C02 


-S02 


0 


aiCQ 


S02 


CD 

u 


0 


02802 


0 


0 


1 


0 


0 


0 


0 


1 


C03 


-S03 


0 


O3C0 


S03 


C03 


0 


03803 


0 


0 


1 


0 


0 


0 


0 


1 



The overall transformation matrix is 



ol^]i ~ o[-^]l \\A\l 2^13 
The elements of this matrix are 
y4,l = cos 0, COS(02 + 63 ) 
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A, 2 = -cos 6, sin(02 + 63) 

A,j = sin 9 , 

A , 4 = cos 0| [oj cos(02 + 03 ) + ^2 cos 02] 

A2, = sin 0, cos(02 + 03) 

A22 = -sin 0, sin(02 + 03) 

A23 = -cos 0| 

A24 = sin 0 , [^3 cos(02 + 93) + fl2 cos 02] 

Aj, = sin(02 + 03) 

A32 = cos(02 + 03) 

A33 = 0 

A34 = aj sin(02 + 03) + a2 sin 02 + d, 

A41 = 0 

A42 = 0 

A43 = 0 
A44 = 1 

The origin of the {xyz)^ axes is found from 
(Po) ~ oMLCa) 

with (^3) =(000 1 )^, see equation ( 8 . 25 ). Thus 

•’^0 “ -^14 
>”0 “ ^24 
^0 ~ -^34 

In this case these may easily be checked by trigonometry. 



8 . 3.12 THE END EFFECTOR 

To demonstrate the kinematic aspects of an end effector we shall consider a simple gripper, 
as shown in Fig. 8 . 19 . The arrangement here is one of many possibilities; in this one the Z3 
axis could be termed the pitch axis, Z4 the yaw axis and zj the roll axis. This is one example 
of the use of Eulerian angles which were discussed fully in Chapter 4 . 

The parameters for links 4 , 5 and 6 are given in the following table: 



Link 


9 


d 


a 


a 


4 


04 


0 


fl4 


+90“ 


5 


05 


0 


0 


+90“ 


6 


06 


d. 


0 


0 



from which the homogeneous matrices are 
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A\^ = a^ cos 64 + d(, cos 84 sin 0j 

A21 = sin 64 cos 85 cos 85 - cos 84 sin 8g 

A22 = -sin 84 cos 8j sin 8^ - cos 84 cos 6^ 

^23 = sin 84 sin 85 
A24 = a^ sin 84 + df, sin 84 sin 85 
/43 i = sin 85 cos 8fi 
^32 = -sin 85 sin 85 
A33 = -cos 85 
Aj^ d^ cos 83 
A„ = 0 
•^42 — 0 
■^43 — 0 
^44 — 1 

In this example the end effector is shown in a position for which 84 = 90 °, 85 = 90 ° and 85 = 0 . 

The complete transformation from the (xyz)(, axes to the {xyz)o set of axes is 

(^)o - o\A\iP)(, ~ o [-^]3 3 [-^] 6 (P )6 

or, in general terms. 



r X 1 

-*0 




■ n, s^ ay ry ■ 




r r 1 


yo 




«y Sy Oy Yy 




T6 


Zo 




«z A- az ry 




^6 


1 

■ ■ 




0 0 0 1 

B ■ 




1 

■ ■ 



It is seen by putting Xg = 0 , = 0 and Z(, = Q) that is the location of the origin of the 

{xyz)f, axes. If we put = 1 with = 0 and 2^ = 0 we have 

Xo - r, = n, 

yO - Ty = Hy 
Zo ~ f, = n. 

Therefore (n^n^n^) are the direction cosines of the x^ axis. Similarly the components of (5) 
are the direction cosines of the yf, axis and the components of (a) are the direction cosines 
of the 2^ axis. These directions are referred to as normal, sliding and approach respectively, 
the sliding axis being the gripping direction. 



8 . 3 . 1 3 THE INVERSE KINEMATIC PROBLEM 

For the simpler cases the inverse case can be solved by geometric means, see equations (8. 1 ) to 
( 8 . 3 ); that is, the joint variables may be expressed directly in terms of the co-ordinates and ori- 




Kinematics of a robot arm 215 



entation of the end effector. For more complicated cases approximate techniques may be used. 
An iterative method which is found to converge satisfactorily is first to locate the end effec- 
tor by a trial and error approach to the first three joint variables followed by a similar method 
on the last three variables for the orientation of the end effector. Further adjustments of the 
position of the arm will be necessary because moving the end effector will alter the refer- 
ence point. This adjustment will then have a small effect upon the orientation. 

Small variations of the joint variables can be expressed in terms of small variations of the 
co-ordinates. For example, if (p) is a function of (0) then 



or 







Azq 



■ 


5xq 


5xo 1 


• ■ 








A0, 


50, 


502 


503 








^0 


A02 


50, 


502 


503 


5zo 


5zq 


5zo 


A03 






50, 


502 


50J 




. 




a 


, . 



{Ap)o = [D]m (8.31) 

where [£)] is the matrix of partial differential coefficients which are dependent on position. 
It is referred to by some authors as the Jacobian. The partial differential coefficients can be 
obtained by differentiation of the respective A matrices. The matrix, if not singular, can be 
inverted to give 

(A0) = [D]-' (Ap)o (8.32) 

since 



(A6) = (6),„ - (6)„ 

(e)„., = (6)„ + [D]f (Ap)o (8.33) 



Repeated use enables the joint positions to be evaluated. 
In general since 



o 

II 

o 

s 








i-n 

i^P)o 

l-l 


o[^]| • • • ■ • 




iP)n 



where is one of the variables, that is 0 or d. 

It should be noted that in this context {p)„ is constant and that i-\[A\ is a function of 0, 
for a revolute joint or of 4 for a prismatic/sliding joint. 

For the general case 



<-i 



[Al = 



C0, -S0,Ca, S0,Sa, a,C0, ' 

S0, C0,Ca, -C0,Sa, a,S0, 

0 So, Co, dj 

0 0 0 1 

■ 



so differentiating with respect to 0, 
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8 



ae, 






■ -se, -ce,ca, 

CO, — S8,Ca, 
0 0 



C6,Sa, -fl,S6, ‘ 
S0,Sa, a, CO, 

0 0 

0 0 



Note that the right hand side of equation (8.34) may be written 



■ 0 


-1 


0 


0 ■ 




■ CO, 


-SOjCa, 


S0,Sa, 


a, CO, ■ 


1 


0 


0 


0 




so, 


CO, Co, 


-C0,Sa, 


a, SO, 


0 


0 


0 


0 




0 


So, 


Ca, 


4 


0 

■ 


0 


0 


0 

■ 




0 

■ 


0 


0 


1 

■ 



or in symbol form 

-It 

■0-10 O' 
10 0 0 
0 0 0 0 

0 0 0 0 

b ■ 

In a similar manner 



(M: 



where 



[Q] = 




[^] ,-iML 



where 



[P] = 



■ 0 0 0 0 ' 

0 0 0 0 

0 0 0 1 

0 0 0 0 

k ■ 



(8.34) 



(8.35) 



(8.36) 



8.3. 14 LINEAR AND ANGULAR VELOCITY OF A LINK 

The basis for determining the joint velocities given the motion of a particular point has 
already been established in section 8.3.13 where the matrix [D] was discussed. If we con- 
sider the variations to take place in time At and then make At — > 0 then, by definition of 
velocity, 

(p)o = [Dm ( 8 - 37 ) 

so the joint velocities can found by inversion 
(0) = [D]-'(p)o 



(8.38) 
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Referring to Fig. 8.20 we can also write 

(P)0 = o[^]n(P)n 

Thus 



dt 



(P)o = Q[Mn{p\ 



(8.39) 



where (p)„ is constant. 

Consider the product of two A matrices 



■ [/?], 


(w)i ■ 


‘[Rh (W)2- 


. (0) 


1 


. (0) 1 . 



[RURh 


[ R ] 1(«)2 + ( M ). 


( 0 ) 


1 



It is readily seen that for any number of multiplications the top left submatrix will 
be the product of all the rotation matrices and the top right submatrix is a func- 
tion of [R] and (m) submatrices. So in general the product of A matrices is of the 
form 



[A] 



[7?] {r) ■ 

(0) I . 



We have already shown that the column matrix (/■) is the position of the origin of the final 
set of axes and the three columns of [i?] are the direction cosines of these axes. 

So {p\ = + (^) and the position of a point relative to the base axes is 



(p)o - W = (Ap) = [7?](p)„ 

Differentiating with respect to time gives the relative velocity 

(Ap) = [R](/;)„ (8.40) 







Fig. 8.20 
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so it is seen that [^] is related to the angular velocity of the nth link. Now (A/>) is the veloc- 
ity of P relative to 0„ referred to the fixed base axes. We can find the components referred 
to the (xyz)„ axes by premultiplying (A/>) by [/?]”' = [/?]^ thus 

(Ap)„ = [R]\Ap) = [Rfmp)„ (8.41) 



. We know that = [/] so by differentiating with respect to time we have + 

= [0] and as the second term is the transpose of the first it follows that is 

a skew symmetric matrix. This matrix will have the form 



0 


-CO. 


®V 






CO- 




— (Of 


= [^T = 


(Ov 


, ““.V 




0 . 




(0._ 



where (o),co,.co.)^ is the angular velocity vector of the nth link. 
Now 



[R]„ = n [R], 
so 

n: = [R]i[R]„ 

where 



[Q] 



■ 0 -1 

1 0 

. 0 0 



...[ep], [RUi 



0 ■ 

0 

0 . 



(8.42) 



for the 3 X 3 rotation matrices. Each term in the above series is equivalent to the change 
in [co]’* as we progress from link to link. 



8.3 . 1 5 LINEAR AND ANGULAR ACCELERATION 

The second differentiation can be found by simply reapplying the rules developed for the 
first differentiation with respect to time. 

We see that since 

(^)o = a[A]„{p)„ 

d^ d^ 

-T (P)o = -T {cUl.}(p). (*■«) 

dr dr 

In order to see the operation let us look at a two-dimensional case and with n = 2, as 
shown in Fig. 8.21, for which the A matrices are functions of 6i and so that 

(p)o = o[^], MUp)2 

where 





■^0 ■ 




■ ^ 2 * 


V 

o 

II 


Jo 


and (p)2 = 


J 2 


1 


. 1 . 




. 1 . 
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Fig. 8.21 



and the A matrix for the two-dimensional case (for which a = 0) may be written 

cos 0 -sin 6 a cos 9 
sin 0 cos 0 a sin 0 
0 0 1 

Therefore 

(p)o ~ [0]o[^]i i[-^]2 ®i(p)2 o[-^]i[0]i[-^]2 ^ 2(^)2 

and 

ip)o = [Q]o[^]i ^[Ah ef(p)2 + [QUAUQUAh miP)2 
+ [QUAl ,[^Le,(p)2 

+ [QUAUQUAh QMPh + o[AUQ]'[A] 2 ^l{p)i + o[^]i[0]i[^]2ei(^)2 

If we require the origin of the (jc y )2 axes to follow a specified path then for each point on 
the path, {xy\, the corresponding values of 0i and 02 can be found. Also if the velocities and 
accelerations of the point are prescribed the derivatives of the angles can be calculated using 
the above equations. 

Once the values of 0|, 02 and their derivatives are known any linear or angular velocity 
and linear or angular acceleration can be found. 

The above scheme can in principle readily be extended to the three-dimensional case and 
any number of links can be considered. 

The general form of the equations is 

iP)o = n i-M]iiP)n = [U\niP)n 
where [U\„ is defined by the above equation (8.44). 




(8.44) 
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The velocity is 

(^)o = I (p)„ e, (8.45) 

where j is a function of the A matrices and hence of the joint variables, that is 

(8.46) 



[U]n, = oWi... [0L-i[A], ... ,-,[AL 
For the acceleration 



1=/? 

{ 'P\ = 2 {U]n.i{P)J^i + 




50; 






f=i ;=i /=] ^ 

/-/I /-/? i-n 

=2 



where 



j=\ i=\ 



[U].ij = oM. ,W2 ... [0L-.M ... [QU[A]j 
We have shown previously that in general 



rt-l[A]n 



(8.47) 



(8.48) 



[A] = 



r ww 
0 1 



and [A] = 



[R] (r) 

0 0 



so 



[A] = 



[R] (r) 

0 0 

Since, for constant (p)„, we have 

(P) = [A] ip)„ 

[R] 

0 0 



ip) = 



(P)n 



then we have 

iP) = mp\ + in 

and thus the acceleration of P relative to the origin of the (xyz)„ axes, {Ap)„ = (p) ~ (r) 

= [R](p)n- 

If we now refer the components of this vector to the (xyz)„ axes we have 



[Rf(Ap)„ = [Rf[R](p)„. 



Now 



so 



[co]’‘ = [Rf[R] 



[cb]* = [Rf[R] + [Rrm 

and therefore 

= [«]* - [R]\R] 
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Also 

[^]"[^] = [R]\[R][Rf) [R] 

= ([Rf[R])\[Rfm 
= -[©]>]* 

Finally 

= [Rfmpx 

= {[«]* + [o)]’‘[con(p), 

= + [«]*[“]"(;?)« (8.49) 

where (p)„ is of constant magnitude. This result is seen to agree with that obtained from 
direct vector analysis as shown in the next section. 

8.3. 1 6 DIRECT VECTOR ANALYSIS 

It is possible to derive expressions for the velocity and acceleration of each link by vector 
analysis. The computation in this case uses only 3 x 1 and 3x3 matrices rather than the 
full 4 X 4 A matrices used in the last section. 

Referring to Fig. 8.22 we see that the position vector of the origin of the (a^z), axes is 

r, = r,_, + d, + a, (8.50) 




Fig. S22 
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and 



Hi = n,._i + 0,.Ac,_, 


(8.51) 


The velocity of 0 is 




1 

c 




' d, " dr a ^ > 


(8.52) 



We require our reference axes to be fixed to the fth link in order that when the moment of 
inertia of the ith link is introduced it shall be constant. For the second term on the right the 
partial differentiation means that only changes in magnitude as seen from the (xyz), axes are 
to be considered. For a revolute joint where both d and a are constant in magnitude this term 
will be zero. For a prismatic joint the term will be 

To simplify the appearance of the subsequent equations we again use 

«, = </, + fl, 

and write v,_, for d(r,_|)/(dr) so equation (8.52) becomes 

dUi 

Vi = v,-| + — + 0), X Ui 
dt 

For a revolute joint the second term on the right hand side is zero. 

The acceleration of O, is 

^ Ui d(Hi dUi 

“IT + — X "/ + o, X — + X (w, X Ui) (8.55) 

df dt dt 

For a revolute joint the second and fourth terms on the right hand side are zero whilst for a 
prismatic joint the third term is zero. 

Both of these equations may be expressed in matrix form assuming that the base vectors 
for all terms are the unit vectors of the (xyz), axes. Thus we may write 

(v), = (v)y-, + ^ (m), + [(o].(w), (8.56) 

dt 

and 

(a), = (a),_, + (m), + ( [o)]" ](m), + [(ofi ^ {u)i + [co]-[co]*(«), (8.57) 

dt \ dt I dt 

where 

N:: = [/?]T[^1 and ~[( 0 ]- = [R]][R], + [R]][R]i 

dt 

also 

[R]„ = I [/?], . . . [Q][R]i . . . [RlQi 

= I [R]i . . . [OliRl . . . [R]A 
+ I I [/?], . . . [Q][Rl . . . [Q][R]j . . . [/?]„0,e, 



(8.53) 

(8.54) 



and 
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8.3.17 TRAJECTORY PLANNING AND CONTROL 

In a practical pick and place type of operation an object is to be moved from point A to 
point B and, for example, has to avoid an obstacle C, as indicated in Fig. 8.23. The problem 
is often tackled by planning for the end effector to move from A to B so as to arrive with 
low speed at B and then to align the gripper. The exact path is not important apart from the 
three specified points, so there are an infinite number of possible paths that the arm can fol- 
low. The many factors which affect the choice of path are outside the scope of this book as 
we are concerned only with the pure dynamics of the problem. 

One technique used is to consider the path to be constructed from short segments passing 
through a number of prescribed points. Usually a polynomial of third or fourth order is cho- 
sen to represent the path between the specified points. 

Another powerful method is to use position sensors to give feedback to an automatic 
control system. These control systems are frequently digital, which makes adaptive control 
easier. 




8.4 Kinetics of a robot arm 

Our next task is to determine the forces and couples associated with the prescribed motion. 
In the practical case it is not always possible to generate the required forces so the motion 
which ensues from given forces may need to be calculated. 

A dynamical model may be used for the prediction of performance or for forming part of 
a real-time control algorithm. 

We shall use Lagrange’s equation in conjunction with homogeneous transformation 
matrices and the Newton-Euler approach using a vector algebra method. It should be noted 
that both Lagrange and Newton— Euler could be associated with either the homogeneous 
matrix formulation or vector algebra. 

8.4.1 LAGRANGE’S EQUATIONS 

Here we only generate one equation for each degree of freedom of the system and the basic 
formulation only needs expressions for velocities and not for acceleration. However, differ- 
entiation of the velocity- and position-dependent functions is required. 
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For link n we have 

(^) = I" [U]nj{P)A 

where 

[U\n.i = oM], ... [QlAAl ,[A\ 



so 



(p)o(p)o = (^0 yo ^0 0) 



_ ‘2 . .2 . -2 , 

- ^0 + 7o + ^0 + 0 



= vj = |( p );[(/]:,, e ,| 2 [£/]..,( ao , 



1=1 ‘ 



Thus the kinetic energy of link n will be 



r^R 

= ?=, 



2[c/]:,0, ? rt/L,0, m 

/ I i-i 



(8.58) 



where R is the number of point masses used to represent the rigid body. For an exact repre- 
sentation ^ 3. 

The total kinetic energy will be just the sum of the energies for each link in the chain. 

It would be convenient to be able to reverse the order of summation since and m, are 
properties of the link and do not depend on its location. This can be achieved by noting that 



Trace {p)„ip)l = Trace 





XqXq 


xoyo 


^0^0 


0 




Trace 


yoXo 


yoyo 


yfo 


0 




ZoXq 


ZoPo 


^0^0 


0 






0 


0 


0 


0 




■2 , .2 . .2 
Xo + yo + ^0 










2 

Vo 










(8.59) 










(8.60) 



So we may now write 
T„ = Trace(s [ 



The link variables, 0 or d, satisly the requirements for generalized co-ordinates and so 
will be designated by q, as is usual in Lagrange’s equations. Also the centre term depicts the 
inertia properties of the nth link and will be abbreviated to y[J]„. Note that [J]„ is a sym- 
metric matrix. The top left 3x3 submatrix is related to the moment of inertia matrix of the 
nth link relative to the nth joint, but is not identical to it. Thus 



[J] = 



Imx^ 


'Lmxy 


Imxz 


1 

Imx 


Hmyx 




Imyz 


Imy 


1,mzx 


1,mzy 


Imz 


Imz 


2)/nx 


limy 


Hmz 


Im 



In terms of [J] the kinetic energy of the nth link is 
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T, = Trace(|;[C/],.,» i[y], 'g[U]l,q, 



We now need to carry out the differentiations as prescribed by Lagrange’s equations, 
^ = J_Tri 

dqi, 2 ' r 






but since the second term is the transpose of the first 
dL -. 1 , 



^ = 2X^Trace|[f/]„,,[yL|([t/]:,,^,) 
Therefore 



= Trace 

drte' 



+ [uuwiimiq.) 

In a similar manner we can obtain 



dT„\ _ 



So for the «th link 

_d _ 

d/ 



= Trace! [£/].,, rf,[y],|([£/]:,,j.) 



(8.61) 



(8.62) 



dgk 



= Trace 



i^(j^ 






(8.63) 



We are now in a position to sum over the whole arm of N links. For clarity the constant 
terms are now taken to the right of the summation sign to give 



d IdT 

d7\^ 






ln-Ni~n -r 

= Trace 2, 



V 



n=A/ f=« j=n x 



= 



(8.64) 



the generalised force, where T = 22^. 

For revolute joints Q will be the torque at the pivot and for a prismatic joint Q will be the 
sliding force. 

Equation (8.64) may be vmtten in a more compact form by reversing the order of sum- 
mation. This requires adjusting the limits. The form given below can be justified by expan- 
sion. The term mscsfijf) means the highest value of i,j, or k 

Qk = \ ^ k ^ N 



(8.65) 
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where 

and 

^"1 “ (8-67) 

For a two-link arm the above equations become 

Q\ ~ ^\\4\ “*■ ^\29i ■*■ ^111^1 ■*■ 2Gi]2^:^2 ■*■ ^112^2 
Ql ~ ^2\9\ ■*■ ^22^2 ■*■ ^21l9t ■•■ 2G2 i2^i92 ■*" ^ 222^2 

(note that G^n = G* 2 i). It should be remembered that the coefficients M and G are functions 
of because the [t/] are functions of , but [7] is constant. Then 

M„ = Trace{[(/],,, [7], [(/]},} + Trace{[(/]2,[7]2[C/]I,} 

M ,2 = Trace{[(/]2,[7],[C/]u} 

G,„ = Trace{[C/],,,[J],[t/]|,„} + Trace {[C/]2,,[7]2[(/]L,} 

G,22 = Trace{[(/]2,,[J]2[C/]2.22} 

G|12 = Trace{[C/]2,i[7]2[C/]2,i2} = G 121 

A/ 2 . = Trace{[G],2[7], [(/][,} + Trace{[{/]2,,[7]2[C/]I,,} 

A /22 = Trace{[t/]2.2[7]2[G]I,2} 

G 2 ,, = Trace{[17],,2[y], [(/]{,,} + Trace {[C/]2.2[7]2[G]ln} 

G 222 = Trace{[G]2,2[7]2[G]2.22} 

^212 ~ Trace {[G] 2 , 2 [ 7 ] 2 [G ]2 12} = G221 

8.4.2 NEWTON-EULER METHOD 

This method will involve all internal forces between each link as indicated on a free-body 
diagram, as shown in Fig. 8.24. Expressions for the accelerations of the individual centres 
of mass and the angular velocities and accelerations can be found as discussed in the previ- 
ous sections. 

So for each link, treated as a rigid body, the six equations of motion can be formulated. 
With reference to Figs 8.22 and 8.24 the equations of motion for the /th link are 

/; + /:_,= m,ao, (8.68) 

and 

C, + C,_, + ro,XF; - (p, - rc,)X/;_, = (8.69) 

where Jo, is the moment of inertia dyadic referred to the centre of mass of the /th link. 

The acceleration of the centre of mass, Cg, , may be found from 

flo, = a, + ^(<»/)xrG, + <o,x(G),.xro,) 



(8.70) 
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The above three equations may also be written in matrix form using (xyz), axes as the 
basis 

(F)i + (F),-_r= m,(a)o, (8.71) 

(C), + (C),_, + (r)^,(i=’), - [(p), - (r)G,r(F),-, 

= ( 8 ' 72 ) 

at 

(a)c, = (a), + -^[o>]V)g, + (8'73) 



Discussion example 

A spherical robot is shown in Fig. 8.25(a). During operation the position co-ordinates are: 

0, = 90°, 0, = 60° and = 0.8 m. Also d02/dr = 2rad/s constant and dd^ldit = 3m/s 

constant. 

The inertial data are 

for link 2: mass = 20 kg moment of inertia about Gjv = 8kgm^ 

for link 3: mass = 10 kg moment of inertia about Gj^, = 4kgm 

OG 2 = 0.2 m and GjE = 0.3 m (see Fig. 8.26) 

a) Using the A matrices calculate the position and velocity of the end of the arm E. 

b) Using Lagrange’s equation obtain the equations of motion for co-ordinates 0j and d^. 

(a) The table of link parameters is first constructed. Referring to Fig. 8.25(a) the origin of 
the {xyz)2 axes has been chosen to coincide with the origin of the {xyz)^ axes. By using the 
data sheet given at the end of the chapter we see that as a is the distance between successive 
z axes all the a dimensions are zero. 

The distance between successive x axes is d and hence c ?2 ~ 0- 
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(a) 





Now a is the rotation of one z axis relative to the previous z axis so Oj = 
90”. Special care is needed to ensure that the signs are correct. 

The table is as follows: 



Link 


6 


a 


a 


d 


1 


90- 


-90" 


0 


D, =0 


2 


60" 


90" 


0 


0 


3 


0 


0 


0 


0.8 



With reference to the data sheet the three A matrices are 



C0, 


0 


S0 


S0| 


0 


C0 


0 


-1 


0 


0 


0 


0 



I 

0 

0 

0 

1 



—90° and U 2 
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C02 


0 


S02 


I 

0 


iM]2 = 


S02 


0 


-C02 


0 


0 


1 


0 


0 




0 

1 


0 


0 


1 

1 




1 






1 




1 


0 


0 


0 




0 


1 


0 


0 


II 


0 


0 


1 


^3 




0 


0 


0 


1 




1 






■ 


The overall transformation matrix is 





o[^]3 ~ o[-^]3 ~ o[^]| 



1 

C0|C02 


S0, 


C0|S02 


^300,802 


S0,C02 


a> 

u 

1 


S0,S02 


i/jSO.SOj 


-S02 


0 


C02 




i^3C02 


0 


0 


0 




1 


' («) (-y) 


(a) 


(p)- 






0 0 


0 


1 







Here the last column gives the co-ordinates of the {xyz)^ axes 

Xeo = i/3cos(0|)sin(02) = 0 

>»Eo = t/ 3 sin( 0 |)sin( 02 ) = 0.8 x 1 x 0.866m 

Zeo = <i3cos(02) = 0.8 X 0.5 m 

These results can easily be verified by simple trigonometry. 

We shall now use the A matrices to evaluate the velocity of the point E. Now 

o[-^]3 (Pf)3 ~ o[^]3{Pe)3 



There is only one term on the right hand side of the equation because the position vector of 
point E as seen from the {xyz )2 axes is (0 0 0 for all time. 

For brevity let us write o [^]3 = ^i^ 2^3 so, with reference to equations (8.35) and (8.36) 
we have 

0MI3 “ .^ i 0 .< 42-^302 -^l-^2^3^3 

As 0| = 0 the first term is zero and by direct multiplication the other two terms are 

0 0 0 

0 0.5 0.4 

0 -0.866 -0.779 

0 0 0 



-^iQ-^2-^3^2 ~ 



0 

- 0.866 

-0.500 

0 
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A,A2PA}di — 



0 

0 

0 

0 



0 

0 

0 

0 



0 

0.866 

0.500 

0 



x3 



The velocity of E is given by summing the last columns of the preceding two matrices 

■^EO ~ 0 



y^o = 0.4x2 + 0.866x3 = 3.398m/s 

igo “ —0.693x2 + 0.500x3 = -0.114m/s 

Again these results are readily confirmed by direct means. 

The matrix multiplications involved in the above calculations can be carried out using any 
convenient mathematical computer package. 



(b) Lagrange’s equations are 




The virtual work done by the active forces and couples is 
5fV = + 02^92 

5fV = C2802 + Fjbdj 

where C2 is the torque about the Zq axis acting on link 2 and F3 is the force acting on link 3 
along the Z3 axis. 

The kinetic energy (see Fig. 8.26) is 

~ ~2 ^ ^ ~ b) % + ^^ 3 ] + ^ 3^1 

For 9, = 02 

^ +^2 + ^3 + ^2[(^3 ~ ^)^]®2 

002 

— f— ) = [/«2 + /2 + /3 + - bf]Q2 + 2m, (d, - b)dA 

dt \002/ 




Fig. 8.26 
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— = 0 , ^ = 0 and 0 , = Cj 
d 02 302 

so the eqiiation of motion for 02 is 

[ w 2 + /2 + /3 + - ^>)^]02 + - b ) d ^ k 2 ~ ^2 

Inserting the numerical values gives 
(15.3)02 + 10 ^/ 3 ^ = C 2 

and as 02 = 0,d^ = 3 m/s and ^ = 2rad/s we have 
C 2 = 60Nm 
Similarly for = d^ 

dr \ddj odi 

so the equation of motion for d^ is 
m^d^ — m^id-i — b)k\ = Fj 

The same set of equations can be formed using D’Alembert’s principle. We refer to Fig. 8.27 
where the accelerations have been determined by direct means. Also shown with heavy 
arrows are the virtual displacements. 

D’Alembert’s principle states that the virtual work done by the active forces less that done 
by the ‘inertia forces’ equals zero. 

For virtual displacement 5/} = 502 , ( 6 J 3 = 0) 

CjSOj — 7202502 — /n 2002^502 — m^[{d-i — 5)02 + 2^302 ](<73 — 5)502 

— 7302502 “ 0 

and now with hrj = 5<7j, (502 = 0 ) 

+ m^lid-i — 5)02 — d^]Bd2 = 0 

Thus 

Q ~ U2 ^3 (^3 ~ ~ '^-m^d^^iidi — 5 ) = 0 




Fig. 8.27 
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and 

Fi + - b% - d^] = 0 

Let us now return to the Lagrange method but this time make use of the 4x4 homoge- 
neous matrix methods. Using equation (8.65) we have N = 3 but since link I is stationary 
it is not involved in the kinetics, although it still affects the geometry. 

The inertia data is not in the form needed to generate the [7] matrices. If we define Ip = 
+ 2/ny^ + 'Lmz then it is easy to show that lip = 4c + 7,^ + 4z. Therefore 

2/nx^ = Ip ~ I^ 

2/ = Ip- ly,, 

= Ip - I. 

For link 2 we use the parallel axes theorem to to evaluate I^y = I^y + = 8.0 + 20x0.2^ 

= 8.8kgm^ We will assume that loj, ~ /(^, and that /qj is negligible. Therefore Ip = 8.8kgm^ 
It now follows that 'Lmx - 0, 'Lmy^ = 0 and - 8.8kgm . The term S/«z = 20x0.2 = 4. 

is 

0 o' 

0 0 

8.8 4 

4 20 

0 o’ 

0 0 

4.9 -3 

-3 10 

= %Tvacc{[U]„j[J]„[U]l,} 

A/32 = f Trace{[7/]„,3[y]JU];3} 

n — i 

or 

M 22 = Trace {[U]2,2[y]2[{/] 2,2} + Trace {[C/]3,2[y]3[U]I.2} 

A/23 = Trace {[C/]3,2[^]3[U]3,3} 

C?222 = Trace{[C/]2.2[^]2[U]2.22} + Trace {[C/] 3 . 2 [y] 3 [U] 3 , 22 } 

G 233 = Trace{[t/]3,2[J]3[U]l33} 

^223 ~ Trace {[C/]3 2[«/]3[U]3 23} 

Inserting the numerical values and using a matrix multiplication program it is foimd that 

A/22 = 8.8 + 6.5 = 15.3kgm^ 
and 

G223 = 5.0kgm 



The inertia matrix for link 2 



[J]2 = 



similarly for link 3 



[Jh = 



0 

0 

0 

0 



From equation (8.66) 
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All other terms are zero. Thus 
15.36, + 5.002^3 = C, 

In this problem the geometry is particularly simple so that the 4x4 matrix methods can 
readily be compared with other methods. 

It is left as an exercise for the reader to obtain the equations of motion using the New- 
tonian approach. The ffee-body diagrams and kinematics are shown in Fig. 8.28. 





Robotics data sheet 

LINK CO-ORDINATE SYSTEM 

The z(i) axis is the axis of rotation or sliding of joint (/ + 1). The x(i) axis lies along the com- 
mon normal to the z(i) and z(i - 1 ) axes. This locates the origin of the (xyz), axes except when 
the z axes are parallel; in this case choose the normal which passes through the origin of the 
(xyz)i_, axes. 

9(0 is the joint angle from the x(i - 1) axis to the x(i) axis about the z(i- 1) axis. 
d(i) is the distance from the origin of the (« — 1) co-ordinate frame to the intersection of the 
z(i- 1) axis with the x(i) axis along the z(/ - 1) axis. 
a(i) is the offset distance from the intersection of the z(/ - 1) axis with the x(i) axis and the 
z(i) axis (i.e. the shortest distance between the z(/- 1) axis and the z(/) axis). 
a(i) is the offset angle from the z(i - 1) axis to the z(/) axis. 
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HOMOGENEOUS TRANSFORMATION MATRIX FORA SINGLE LINK 
This matrix is 

ce -Case SaSe aCe 

S0 CaCe -SaCe aSe 

0 Sa Ca 

0 0 0 1 

The overall transformation matrix is 

[T] = n,H[^L 

i=i 

and the position vector 
ip) = iPx Py Px 1 ) 





Fig. 8.29 
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9.1 Introduction 

In this chapter we shall reappraise the foundations of mechanics taking into account 
Einstein’s special theory of relativity. Although it does not measurably affect the vast 
majority of problems encountered in engineering, it does define the boundaries of 
Newtonian dynamics. Confidence in the classical form will be enhanced as we shall be 
able to quantify the small errors introduced by using Newtonian theory in common engi- 
neering situations. 

The laser velocity transducer employs the Doppler effect which, for light, requires an 
understanding of special relativity. The form of the equations derived for cases where the 
velocities of the transmitter and/or the receiver are small compared with that of the signal is 
the same for both sound and light. This will be discussed later. 

We shall also consider the definition of force. It is of note that relativistic definitions are 
such that they encompass the Newtonian. The general theory of relativity raises some inter- 
esting questions regarding the nature of force, but these do not materially affect the 
equations of motion already derived. 

9.2 The foundations of the special theory of relativity 

It is not our intention to retrace the steps leading to the theory other than to mention the most 
significant milestones. In the same way that Isaac Newton crystallized the laws of mechan- 
ics which have formed the basis for the previous chapters in this book, Albert Einstein 
provided the genius that solved the riddle of the constancy of the speed of light. 

James Clerk Maxwell’s equations for electrodynamics predicted that all electromagnetic 
waves travelled at a constant speed in a vacuum. If the value of the speed of light, c, is eval- 
uated for what we shall assume to be an inertial frame of reference then, according to 
Maxwell, the same speed is predicted for all other inertial frames. This means that a ray of 
light emitted from a source and received by an observer moving at a constant speed relative 
to the source would still record the same speed for the ray of light. 

Light was supposed to be transmitted through some medium called the ether. In order to 
accommodate the constancy of the speed of light various schemes of dragging of the ether 
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were put forward and also the notion of contraction in the direction of motion of moving 
bodies. Lorentz proposed a transformation of co-ordinates which went some way to solving 
the problem. The real breakthrough came when Einstein, instead of trying to justify the con- 
stancy of the speed of light, raised it to the status of a law. He also made it clear that the 
concept of simultaneity had to be abandoned. 

The two basic tenets of special relativity are 

the laws of physics are identical for all inertial frames 
and 

the speed of light is the same for all inertial observers 

Figure 9.1 shows two frames of reference, the primed system moving at a constant 
speed V relative to the the first frame which, for ease of reference, will be regarded as 
the fixed frame. The x axis is chosen to be in the same direction as the relative velocity. 
An event E is defined by four co-ordinates: three spatial and one of time. In the original 
frame the event can be represented by a vector having four components, so in matrix 
form 

{E)= {ct X y z)^ (9.1) 

and in the primed system 

(£0 = {ct' x' y' z'f (9.2) 

The factor c could be any arbitrary speed simply to make all terms dimensionally equivalent, 
but as it is postulated that the speed of light is constant then this is chosen as the parameter. 

If a pulse of light is generated when O was coincident with O' and t = t' = 0 then, at a 
later time, the square of the radius of the spherical wavefi’ont is 

{ctf - x^ + y^ + z^ (9.3) 

and in the moving frame 

(ct'f = x'^ + y'^ + z'^ (9.4) 



Event 




Fig. 9.1 
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We define the conjugate of (E) as 
(E) = (ct-x -y - z)^ 

so that 

(E)\E) = (ctf-x^-/-z^ 
From equation (9.3) 

(E)\E) = 0 
Similarly 

(E'fiE^ = 0 
Also we define 

1 0 0 o' 

0-100 
0 0-10 
0 0 0 - 1 . 

so we can write 




(9.5) 

(9.6) 

(9.7) 

(9.8) 

(9.9) 



(E) = [ti](£) (9.10) 

Equation (9.7) can be written as 

(E)\E) = (£)^[q](£') = 0 (9.11) 

and equation (9.8) can be written as 

(E'fiE') = (£')^[fi](£0 = 0 (9.12) 

We now assume that a linear transformation, [r], exists between the two co-ordinate sys- 
tems, that is 

{E') = [F](£^ (9.13) 

with the proviso that as v — > 0 the transformation tends to the Galilean. 

Thus we can write 

(E0^[n](^') = (^^[n"[Ti][n(^ (9.14) 

and because (£') is arbitrary it follows that 

[T]\^][T] = hi (9.15) 

Now by inspection [q][q] = [/], the unit matrix, so premultiplying both sides of equation 
(9.15) by [^] gives 

[iiKrftnKn = (/] («i«) 

From symmetry 

/ = (9.17) 

and 

z' = z (9.18) 

Consider the transformation of two co-ordinates only, namely ct and x. Let 
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Substituting into equation (9.16) gives 



1 


o' 




'a c 


1 




.0 


-1, 




B D_ 


.0 - 


ij [c dJ 


■ A^ 
CD 


- 

- AB 


AB 

D^ 


- CD 

- . 


= [1 o| 

[0 ij 



Thus 

= 1 
= \ 



AB = CD 

Substituting equations (9.21) and (9.22) into equation (9.23) squared gives 
A\\ -£>') = (! - A^)D^ 



(9.19) 



(9.20) 



(9.21) 

(9.22) 

(9.23) 



so 

a" ^ o' 

(1 - A^) (1 - Z)') 

This equation is satisfied by putting ^4 = ±D, we choose the positive value to ensure that as 
V 0 the transformation is Galilean. Let 

A = D = y (say) (9.24) 

Hence it follows from equation (9.23) that if 

A = D then B = C (9.25) 

We can now write equation (9.19) as 

ct' = yet + Bx (9.26) 

x' = Bet + yx (9.27) 

Now for x' = 0, X = vt. Therefore equation (9.27) reads 



0 = Bet + yvt 
or 

B = -yv/c 
Letting 

P = vie 



gives 



(9.28) 
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5= -P7 

From equation (9.22) 

D‘ = \ + ^ 
and therefore 

Y = 1 + Y P 

Thus 

r = ! — 5- (9.29) 

Al - P') 

which is known as the Lorentz factor. 

The transformation for x' and ct' is 

ct' = yet - yPx (9.30) 

x' = -Pycr + yx (9.31) 

Inverting, 

ct = yet' + ypjc' (9.32) 

X = Pycr' + yx' (9.33) 

The sign change is expected since the velocity of the original frame relative to the primed 
frame is -v. 

The complete transformation equation is 

(£0 = [ r ](£) 



(9.34) 



This is known as the Lorentz (or Fitzgerald— Lorentz) transformation. For small P (i.e. v 
0), y -> 1 and equations (9.34) become 



/ = y 



which is the Galilean transformation, as required. 

For an arbitrary event E we can write 

{E)\E) = (£)"[n](iF) = R" (9.35) 

a scalar, and 

(£0^(£') = (£0^[ri](^0 = R'^ (9.36) 

Note that in equations (9.7) and (9.8) and R'^ are both zero because the event is a ray of 
light which originated at the origin. 

Now (£’0 = [T]{E) so equation (9.36) becomes 

(£)"[r][ti][r](£-) = R’^ 
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but from equation (9.15) we see that 

R’^ = (£0"[n](^') = (£)"[r][Ti][r](£) = (£)"[q](f ) = (9.3?) 

Thus we have the important result that 

(£)"(£) = {E')\E') = R^ 
an invariant. In full 

{ctf - - y - = {ct'f ~ - y^ - = R^ (9.38) 

Let us now write E = Ej — E^ and substitute into equation (9.37) giving 

{El - £j)[ti](£2 - ^i) = (E'2 - E'l^)[n](E^ - E\) 
which expands to 

(£’I)[T1](£2) + (^!)[ti](£,) - (£-I)[n](^,) - (£-|)[o](^I) 

= (£f)[Ti](£D + (£'f)[il](£;) - (^f)[Tl](£0 - (£’i^)[Ti](£D 

The first term on the left of the equation is equal to the first term on the right, because of 
equation (9.37), and similarly the second term on the left is equal to the second term on the 
right. Because [r|] is symmetrical the fourth terms are the transposes of the respective third 
terms and since these are scalars they must be equal. From this argument we have that 

(£,)[ti](£ 2 ) = (£0[fi](£^2) (9.37a) 

and is another invariant. 

9.3 Time dilation and proper time 

It follows from equations (9.37) and (9.37a) that if (A£) = (£2 - £ 1 ) then the product 
(A£)^(A£) = {AE')\aE^ = {ARf 
is an invariant. In full 

{Actf - {Axf - {Ayf - {Azf= (Actf - {Ax'f - {Ayf - {Az'f 

= (A£)' (9.39) 

Because the relative motion is wholly in the x direction 

(Ay) = (AyO and (A 2 ) = (Ax') 
so equation (9.39) can be written as 

(Act)' - {Axf = {Act'f - {Ax'f = {ARf + (Ay)^ + {Azf (9.40) 

which is invariant. 

If Act' is the difference in time between two events which occur at the same location in 
the moving frame, that is Ax' = 0, equation (9.40) tells us that 

(Act') = V[{Actf - (Ax)^] 

But X = vt = Pet and therefore 

(Act') = V[{Actf - p'(Act)^] 

= {ActW{l - P') 
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and by the definition of y, equation (9.29), we have that 

(AcO=^(Acr) (9.41) 

The two events could well be the ticks of a standard clock which is at rest relative to the 
moving frame. 

Because y > l,(Acr) > (AcO; that is, the time between the ticks of the moving clock as 
seen fi-om the fixed frame is greater than reported by the moving observer. This time dila- 
tion is independent of the direction of motion so it is seen that an identical result is obtained 
if a stationary clock is viewed fi"om the moving frame. It is paramount to realize that the 
dilation is only apparent; there is no reason why a clock should run slow just because it is 
being observed. 

For example, if the speed of the moving frame is 86.5% of the speed of light (i.e. p = 
0.865) then y = 2. If the standard clock attached to the moving frame ticks once every 
second (i.e. Ac/' = 1) then the time interval as seen from the fixed frame will be Ac/ = 
y(Ac/') = 2 seconds, and the moving clock appears to run slow. Looking at it the other way, 
when the ‘fixed’ clock indicates 1 second the moving clock indicates only half a second. The 
moving observer will still consider his or her clock to indicate 1 second intervals. 

In order that the speed of light shall be constant it is necessary that the length of 
measuring rods in the moving frame must appear to contract in the x direction in the same 
proportion as the time dilates. Thus 

(AL') = 1(AL) (9.42) 

Returning again to equation (9.40) 

(Ac/)^ — (Ax)^ = (Ac/')^ — (Ax')^ 

if two events occur at the same location in primed frame, that is Ax' = 0, then 

Ac/' = /[(Ac/)' - (Ax)'] (9.43) 

from which it is seen that the time interval as seen from the frame which moves such that 
the two events occur at the same location, in that moving frame, is a minimum time. All 
other observers will see the events as occurring at different locations but by use of equation 
(9.43) they will be able to compute /'. This time is designated the proper time and given the 
symbol t. In equation (9.43) Ax will be vA/ and thus 

Act = Ac/' = /[(Ac/)' - (Ac//c)'] 
so 

At = A//y (9.44) 



9.4 Simultaneity 

So far we have assumed that (AR)' is positive, that is (Ac/)' > (Ax)' , but it is quite possi- 
ble that (AR)' will be negative. This means that |Axl > lAc/j, and therefore no signal could 
pass between the two events, for it is postulated that no information can travel faster than 
light in a vacuum. In this case one event caimot have any causal effect on the other. 

Figure 9.2 is a graph of ct against x on which a ray of light passing through the origin at 
/ = 0 will be plotted as a line at 45° to the axes. The trace of the origin of the primed axes 
is shown as the line x' = 0 at an angle arctan(P) to the x = 0 line. The ct' = 0 line will be 
at an angle arctan(P) to the c/ = 0 line so that the light ray is the same as for the fixed axes. 
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Fig. 9.2 

Consider two events and £, which in the fixed axes are simultaneous and separated by 
a distance Ax. However, from the point of view of the moving axes event £, occurs first. If 
the moving frame reverses its direction of motion then the order of the two events will be 
reversed. 

Equation (9.40) gives 

0 - {xf = {cti - {x'f 
and equation (9.30) shows that 

ct' = -Pyx (9.45) 

Hence simultaneous events in one frame are not simultaneous in a second fimne which is in 
relative motion with respect to the first. 

From the above argument it follows that if there is a causal relationship between two events 
(£^ > 0 ) then all observers will agree on the order of events. This is verified by writing 

{Kctf - (Ax)^ > 0 (9.46) 

and 

{^ct') = y[(AcO - P(Ax)] (9.47) 

Because lAx| < |Acr| and (by definition) p < 1 it follows that if (Act) is positive then so is 
(Ac/')> and hence the order of events is unaltered. 



9.5 The Doppler effect 

The Doppler effect in acoustics is well known so we shall review this topic first. Here we 
shall look at the implications of Galilean relativity. Figure 9.3 shows two inertial frames of 
reference; set 2 is moving at constant speed Vj and v, = 0. The Galilean equations are 

t, = U (9.48) 

X2 = X, - v^t (9.49) 

= y, (9.50) 

z, = z, (9.51) 

Differentiating equation (9.49) we have 

X2 = X, - V2 (9.52) 
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If the velocity of sound relative to the fixed frame is c, then 

^2 = ^1 - '^2 (9.53) 

Now because both observers agree on the value of time and hence agree on simultaneity 
they will both agree on the wavelength. (Both frames could be equipped with pressure trans- 
ducers and at a given instant measure the pressure variation along the respective x axes.) The 
wavelength X is related to the wave speed and the periodic time Thy 

X = c,/r, = C 2 /T 2 (9.54) 



Hence, using equations (9.53) and (9.54) 
T] _ C| _ C| 

77 c, - V2 

and since frequency u = l/T 



(9.55) 



^ = 1 - v,/c, (9.56) 

Thus if a sound wave is generated by a source at O, then the frequency measured in the mov- 
ing frame, when Vj > v,, will be less. 

Now let us suppose that both frames are moving in the positive x direction. The first frame 
has a velocity v, relative to a fixed frame in which the air is stationary and the second frame 
has a velocity Vj also relative to the fixed frame. We now have that 



C| = c - V, 

and 

C 2 = c - V 2 

Thus 

Ti _ C 2 _ C - V 2 

T2 C, C - V, 

or 

l>2 ^ C - \>2 

U, C - V, 



(9.57) 

(9.58) 



(9.59) 



Here we have the Doppler equation for both source and receiver moving. 

If frame 2 reflects the sound wave then equation (9.59) can be used for a wave moving in 
the opposite direction by simply replacing c by -c. The frequency of the sound received 
back in frame 1, u,r, is found from 
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so that 



C + V[ 



«lr ^ Uj ^ (C + V,)(C - V 2 ) 
U| ^2 U, (C + V2)(C - V,) 



(9.60) 



= (u„ - u,)/u, 

^ (c + v,)(c - V 2 ) - (c + V 2 )(c - V,) 

(c + V2)(C - V|) 

^ 2c(v, - V 2 ) 

(C + V2)(C - V,) 

which, for v small compared with c, reduces to 
All 2(v, — V,) 

^ = C 

In dealing with light we start with the premise that the velocity of light c is constant and 
therefore the above analysis is not valid. However, we can start from the Lorentz 
transformation. Figure 9.4 depicts two frames of reference in relative motion. A wave of 
monochromatic light is travelling in the positive x direction and is represented by a wave 
function, W, in the ‘fixed’ frame where co = 2nv is the circular frequency and k = 2n/X is 
the wavenumber. So for an arbitrary function / 



W = f(^ct - kx) 
and in the moving frame 



(9.62) 



W=^fi^ct' - k'x') (9.63) 

Note that again, without loss of generality, we have taken the axes to be coincident att = t' 
= 0. Recalling the Lorentz equations 

ct' = yet - ypix 




Fig. 9.4 
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x' = yx - ypc/ 

and substituting into equation (9.63) gives 



but 



r- W 

c 



w =/ ^(ycr - y^x) - k’(cix - y^ct) 









yx 




so 

fV^f{y{\ - P)^'ct - y(l - m 

Therefore comparing the arguments of equations (9.62) and (9.64) we see that 

“ = ®y(i + P) 

and 

k = k'y{l + P) 

Now by definition 



1 

/(I - p^) 



so substituting this into equation (9.65) gives 



(9.64) 

(9.65) 

(9.66) 

(9.65) 



CD 



CD 



(1 + P') \ 
(1 - P') / 



1/2 



CD 



1 + p 

r^l 



(9.67) 



This wave is travelling to the right so it will only be received by an observer in the ‘fixed’ 
frame for which x > vt. Such an observer will see the source approaching and the frequency 
of the light will be higher than that recorded in the moving frame. 

If the wave is travelling to the left then the wave functions will be of the form (note sign 
change) 



Reworking the above analysis gives 



(9.68) 




1 - P 

1 + p 



1/2 



(9.67a) 



In this case an observer at the origin will record a frequency which will be lower than that 
recorded in the moving frame. That is, visible light generated in the moving frame will be 
shifted towards the red end of the spectrum. 

The same result would have been obtained had the moving frame been moving to the left, 
in which case P would have had the opposite sign. The observer would then have to be at x 
> vt. 
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We see that if source and receiver are in relative motion the received light is red shifted if 
they are receding. If the receiver reflects the light back to the source then the frequency, co" 
of the received reflected light will be further red shifted, so 



(O' I 1 + P j 
Therefore 

0) " _ od" (O' _ / 1 - p \ 

(0 (0'(0 \ 1 + P / 

Aco _ (o" j _ -2p 

CO CO 1 P 

which for small p gives 

^ = -2P 

CO ^ 

or 

Au ^ _2 ^ 

1 ) ^~c 

Thus 

Au = -1^ 

X 

(This principle is used in the Bruel & Kjaer Laser Velocity Set type 3544.) 



(9.69) 

(9.70) 



(9.70a) 



9.6 Velocity 

We have stated that the speed of light is not affected by the relative speed of the transmitter 
and receiver. It is now necessary to consider the effect of relative motion of the reference 
frames on the observed velocities. Starting with the Lorentz equations, equation (9.34), writ- 
ten in differential form 



A(ct)' = yAct — vpAjf 


(9.71) 


Ax' - yAx - yPA(c/) 


(9.72) 


II 


(9.73) 


Az' - Az 


(9.74) 



and dividing equation (9.72) by (9.71) gives 
Ax' _ Ax - pcAr 
cAt' cAt — PAjc 

Dividing the numerator and denominator of the right hand side by cAtand going to the limit 
At -> 0 gives 

^ ujc - P 
I - pM,/c 
or 

/ _ - V 

1 - vujcp’ 

The other two velocities are similarly found to be 



(9.75) 
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vujc^) 



(9.76) 



(9.77) 

y( 1 - vujcr) 

For a Galilean transformation if is close to c and — v is close to c then u' could exceed 
c. Using equation (9.75) it can be shown that u' can never exceed c provided that the 
magnitudes of both and v are less than c, as required by the special theory of relativity. 
This is proved by rewriting equation (9.75) as 

m ' _ ujc ~ v/c 
C 1 - {v!c){ujc) 

which has the form 

_ jc - y 



so we require to show that if |x| < 1 and [y| < 1 then \z\ < 1 . 
This is equivalent to proving 



|1 - yxl 



> - y 



or 

(1 - yxf > (x - yf 
1 + jV — 2yx > x^ + y~ — 2yx 
(1 - x^) > y\\ - x^) 

Finally 

1 > y' 

which satisfies our conditions. Because the above expressions are symmetrical in x and 
y it follows that 1 > is also satisfied. Thus our statement that \u^!c\ < 1 has been 
proved. 

We now seek a four-vector form of velocity that transforms in the same way as the event 
four-vector. The difference between two events may be written as 

{^E) = (Acr Ax ^y ^zf (9.78) 

and we need to divide by a suitable time interval. The change in proper time At is indepen- 
dent of the motion of the observer; hence dividing by this quantity will ensure that the veloc- 
ity so defined will behave under a Lorentz transform identically to (Af). 

The speed of the particle relative to the fixed frame will be 

u = /(u' + uj + «?) (9.79) 

so that 

y = (1 — (9.80) 

for a frame of reference moving with the particle. 

The proper time, as given in equation (9.45), is 

X = t/y = t'/y' 
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where 



,2, 2.- 1/2 



y' = (1 - u'lc) 



We can now write the proper velocity as 

Ajc Ay Az^f 
\At At At AtJ 
or, since At = At/y, 

{U) = y(c u, Uy 
Similarly 

m = y\c 



(9.81) 



(9.82) 



As a check we shall now transform equation (9.81) using the transformation equation 
(9.34) to give 



Y'c = Yoyc - YoPoYKr 
yX = -YoPoYC + YoY«t 



y'u' = Y«v 

yV = Y«r 



(9.83) 

(9.84) 

(9.85) 

(9.86) 



where 

_ f, 2 , 2..-I/2 

Yo - (I - v/c ) 

and V is the relative velocity between the two frames. 
From equation (9.83) we get 

Y'/y = Yo(l - %ujc) 

Thus from equation (9.84) 

u, — V 



^ (1 - vuJcP-) 

and from equations (9.85) and (9.86) 



" (1 - vujc^) 

u. 



(1 - VMjf/c^) 

which are the same as equations (9.75) to (9.77) derived previously. This result gives confi- 
dence in the method for obtaining the appropriate four-velocity. 

Now let us evaluate the product of (t/) and its conjugate 

(U)\U) = yV - ul - ul - u]) 



= y(c - u) 



2 2 
C — U 

2/ J 

M /C 



1 



- C 



(9.87) 



which is, of course, invariant. 
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9.7 The twin paradox 

One of the most well known of the paradoxes which seem to defy logic is that known as the 
twin paradox. The story is that one twin stays on Earth whilst the other goes on a long jour- 
ney into space and on returning to Earth it is found that the travelling twin has aged less than 
the one who remained. The apparent paradox is that as motion is relative then from the point 
of view of the travelling twin it could equally well be said that the one remaining on Earth 
should have aged less because, owing to time dilation, the Earth-bound clock would appear 
to run slow. 

The essential difference between the two twins is that the traveller will have to change to 
another frame of reference in order to leave the Earth and yet another to return. The other 
twin remains in just one frame. Figure 9.5 depicts the series of events. Events is when both 
axes are coincident and the primed set is moving with a velocity v in the x direction. Event 
B is when the traveller reaches the destination and changes to a double-primed frame which 
has a velocity — v in the x direction relative to the ‘fixed’ set of axes. 

In the usual notation, for the outward journey 



ct' = yet - vPix (9.88) 

x' = -y^ct + yx (9.89) 

and for the homeward journey 

ct" = yet + yfre + c/o' (9.90) 

x" = y^ct + yx + Xq (9.91) 



/^and Xo are constants to be determined 

If the length of the outward journey is L then when x = I, x' = 0, so from equation 
(9.89) 

0 = — yPet + yL 
or 

Ctg = I/p 




Fig. 9.5 
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From equation (9.88) 

ct’ = 7(i/P) - - P) 



For the return journey equation (9.90) gives 
ct's = y(I/p) + ypi + ct'o = ctB 

Here we have arranged that the clocks in the double-primed set are synchronized with the 
primed set at event B. Thus 

ctl = ly(j- - P) - yl(j- + P) 

= -2ypi 

so equation (9.90) becomes 



ct" = yet + yPiX - 2ypZ 

At the end of the return journey, event C, when x = 0 
etc ~ y^^c “ 2ypz, 

According to the fixed observer etc = clLiv = 2I/p, but 
cr^' = y2I/p - 2yip = 2yl(± - P) 

= 

yp 

Finally, comparing equations (9.92) and (9.93), we obtain 

IL = 

k y 



(9.92) 



(9.93) 



(9.94) 



Because y is never less than unity the total time read by the clocks which have travelled out 
and back will always be less than the clock which remained on Earth. Equation (9.94) is 
similar to equation (9.41) which defined time dilation, but if the process were simply time 
dilation then each twin would experience the same effects so that no difference in their ages 
would be observed. 

There are many ‘explanations’ of the paradox but we shall resist the temptation to make 
the results of the above argument appear commonplace. They are not a matter of everyday 
experience and therefore comprehension is difficult. The difference in ageing arises from a 
logical mathematical development directly from the two postulates of special relativity with 
no additional assumptions. The ageing effect has been tested on many occasions and the 
results confirm the predietions. 



9.8 Conservation of momentum 

Having defined a four-velocity which transforms under the Lorentz transformation in the 
same way as the four-vector and the four-displacement we now seek an expression for the 
four-momentum. We shall retain the classical definition of mass and assume that it is mea- 
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sured in the frame where the body is at rest, or approximately so; therefore it is a quantity 
upon which all observers will agree. This could be called the proper mass in the same way 
that we defined proper time but the convention is to call it the rest mass m. We have used 
the symbol m since this is our classical definition, but we shall refer to it as the rest mass in 
order to distinguish it from the relativistic mass used in some texts. 

Let us define the four-momentum as the product of the rest mass and the four-velocity. 



Clearly this will transform as the velocity thus 

(P) = m{U) (9.95) 

(P) = my{c u, u, (9.96) 

where 

y' = 1/(1 - mV) (9.97) 

and 

u = {uf{u) = {u] + u]. + (9.98) 

Equation (9.95) expands to 

/q = myc (9.99) 

= myu^ (9.100) 

P, = myu, (9.101) 

P = myu, (9.102) 

If we now consider a group of particles then the four-momentum will be 

(P) = Em,Y,(c u, u, «,)"[ (9.103) 

It is convenient to write this four-vector matrix in a partitioned form such as 

(P) = 1m,yfc (u)]f (9.103a) 

where (m), is the usual velocity three-vector. Thus there is a scalar part 

Po = 2 w,y,c (9.104) 

and a vector part 

ip) = Sm,Y,(M), (9.105) 



If |m,| c then y, = 1 and by assuming Pq to be constant equation (9.104) is simply the 
conservation of mass. By assuming that (p) is constant equation (9.105) becomes the con- 
servation of classical momentum. 

It is easy to show that (P)^(P) = (P)^[q](P) = where 

M = A^m]) (9.106) 

and M is called the invariant mass of the system. 

We now postulate that relativistic four-momentum is also conserved for an isolated 
system of particles. Thus 

S/w,Y,c = constant (9.107) 



and 



2w,y,(m), = constant 



(9.108) 
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Now 



7 , = 



1 



/(I — u]/c^) 

Therefore equation (9.107) becomes 

m,c 






•/(I — ujc^) 



1 u. 



1 3 u] 



= + 2m, c j + 2m, c — x 4 + . . . 

2 c 2 2c 



= cm + — 2 4- m,M; + . . . = constant 
c 2 ' 



(9.109) 



where 2m, = m. 

The implication here is that not only is mass conserved but, at least for moderate speeds, 
so is conventional kinetic energy. This suggests that the energy of a single body should be 
defined as 

E = cPq = ymc (9.110) 

and the relativistic kinetic energy as 

T = E - me (9.111) 

Frequently one sees ym = m', the relativistic mass, in which case equation (9.110) reads 
E = me 

and equation (9.1 1 1) reads 
(p) = m'(M) 

However, we feel that it is better to use the rest mass rather than the relativistic mass 
because this results in less confusion in the earlier stages of coming to terms with rela- 
tivity. There is no reason why the mass of an object should change just because it is being 
observed by an observer in rapid motion. There seems to be no advantage in associating 
the Lorentz factor y with the mass or with the velocity; it is clearer to leave y exposed as 
a reminder of the origin of the equations. We shall return to equation (9.1 10) later. 

We summarize by writing equation (9.104) as 

(P) = |£/c, 2y,m(«,)^j^ (9.104a) 

where 

E = 2y,m,c^ 

9.9 Relativistic force 

Having established a plausible definition of four-momentum it is reasonable to attempt to 
define force in terms of some rate of change of four-momentum. Our requirements are, as 
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before, that the four-vector shall transform as the position four-vector and that the definition 
shall agree with the Newtonian when the speeds are much less than that of light. 

We shall now investigate the implications of defining the force four-vector as the rate of 
change of the four-momentum with respect to the proper time. Thus for a single particle the 
relativistic force could be 

(F) = ^ (/>) 

(i T 

(^) = (me mu, mu, muf 



or 

(f'oy(ff) = y-^(ymc ym(u)y (9.112) 

The form of (/) will be discussed in the following argument. 

Now 



V(1 - «V) 



with 

U = (U)"(U) 



so that 



dy _ (a)^(u)lc^ 

dt (1 - u^/cY^ 



y\af(u)lc 



where 

the conventional acceleration. 

Substituting equation (9.1 13) into equation (9.1 12) leads to 



(9.113) 



(F) = y| ^ {me m(u)Y + 7(0 m(a)^j 

^ ^^rn(af(u) y m{af(u){u) 



In its component form 

Fq = y*m(a)^(u)/c (9.115) 

F, = y^mY(a)^(u)u,Y + a,] (9.116) 

Fy = y^mY(af(u)Uy/c^ + a,] (9.117) 

F, = y^m[y^{a)^{u)uJc^ + a,] (9.118) 
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It is apparent that if |i/| c, -> ma^, the Newtonian form, but this does not mean that 
Fj is the best choice for the definition of relativistic force. 

Let us consider the scalar product of force and velocity with the force 



(/) = (f,f;f) (9.119) 

Thus 

(7)^(«) = y^m[y\af(u)!L + (a)\«)] 
c 

= + j- (a)\«) 

. c“ y . 

= y^m(af{u) (9.120) 

Using equation (9.1 13) 

(ffiu) = ym -^c = y -^(ymc^) (9.120a) 

Here, as in all the preceding arguments, we have taken the rest mass m to be constant. 
From equation (9.1 10) we see that equation (9.120a) becomes 

(7)\u) = y^ (9.121) 

It would seem more appropriate, since we are dealing with three-vectors, that the right hand 
side of equation (9.121) should be simply the time rate of change of energy, in which case 
we need to redefine the relativistic three-force as 

(f) = [FJy FlJy FJyf (9.122) 

the components of which are 

/r = im[y^{af W)ujc + aj (9.123) 

fy = ym[y\af {u)ujc + a,] (9.124) 

f. = ym[y^{af iu)uJc + a,] (9.125) 

Equation (9.121) now reads 

(J)\u) = ^ (9.126) 



Hence the rate at which the relativistic force is doing work is equal to the time rate of 
change of energy, which is the familiar form. We conclude that equations (9.122) to (9.125) 
give the most convenient definition of relativistic force. (We have regarded force as a 
defined quantity.) 

It is important to note that only contact forces are considered here. Long-range forces lead 
us into serious difficulties because of the relativity of simultaneity. We can no longer expect 
the forces on distant objects to be equal and opposite. 

9.10 Impact of two particles 

In Fig. 9.6 we show two particles moving along the x axis and colliding. This process is 
seen from the laboratory frame of reference but using the Lorentz transformation it is 
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Fig. 9.6 



possible to use a frame in which the momentum is zero. This is similar to the the use of 
co-ordinates referred to the centre of mass but this time we use the centre of momentum, 
also abbreviated to COM. In this frame the components of total momentum are 



Pq = = E!c 


(9.127) 


P, = 2y,7n,«„ = 0 


(9.128) 


P, = 2y,w,«,, = 0 


(9.129) 


P = = 0 


(9.130) 


where 

y, = 1/-/(1 — u]/c^) 
and 

2 _ 2 , 2 , 2 
«/ - “x, + W.v, + W.-, 

For the present problem equation (9.127) is 
Yi/Wa + Y 2 Wb = E!c = YjWa + Y4Wb 


(9.131) 


and equation (9.128) is 

yi"lA«l + y2"JB“2 = 0 = YjOTaWs + Y4"*b“4 


(9.132) 



Now 

^ ^ ^ 2 2 
■/(I - w,/c ) 

so 

^ - y-f) 

c 

and 

^ = At: - 1) 

C 
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By inspection of equations (9.131) and (9.132) there is a trivial solution of Uj = w, and 
= U 2 but there is also the solution 

M 3 = -M| and M 4 = -U 2 

This is the same form of answer that would have been expected for a low-speed impact with 
kinetic energy conserved. It also shows that the speed of approach (m, - Mj) is equal to the 
speed of recession (M 4 - Mj). Another way of looking at this situation is to regard it as a 
reversible process. That is, if the sequence of events is reversed in time then the process has 
exactly the same appearance. 

Let us now consider the case when the two bodies coalesce; in this case M4 = Mj, so 74 = 
Yj. Equation (9.132) immediately gives 

0 = + Wb) 

which means that Mj = 0 so that 73 = 1 . 

Equation (9.131) now yields 

YiWIa + 72^8 = ~ + nis 

c 

which, because 7 > 1 , will not balance unless we accept the premise that the total mass on 
the right hand side of the equation is greater than that on the left. In low-speed mechanics 
the energy equation would have been balanced by including thermal energy but here we see 
that this energy manifests itself as an increase in the rest mass. If we imagine this process 
in reverse then a body at rest disintegrates into two particles having kinetic energy at the 
expense of the rest mass of the system. In conventional engineering situations this does not 
occur, but in atomic and nuclear physics it does. As is well known it forms the basis for the 
operation of nuclear power stations. 

The connection between the loss in rest mass (m) and the release of energy should not be 
confused with the change in apparent mass ( 7 / 22 ) which results from Lorentz transforma- 
tions. Up to the last example the rest mass has been taken to be constant. 



9.11 The relativistic Lagrangian 



We have defined relativistic kinetic energy in equation (9.11 1). Equation (9.121) gives the 
relationship between the time rate of change of energy and the scalar product of force and 
velocity. This three-vector equation has the same form in classical and relativistic mechan- 
ics, that is 



Ul\u) 



dr dr 



From equation (9.1 12) we have that 



(ff = 

Therefore 

dr = d(/2)"(M) 

Let us define the co-kinetic energy as 
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T* = (j}f{u)-T (9.133) 

so that 

dr* = d(/j)'’(M) + (p)^d(w) - dr 

= (r)^d(w) (9.134) 

Expanding equation (9.134) gives 

Comparing coefficients of d«| gives 
dT* 

^ = A (9.135) 

This suggests that the correct form for the Lagrangian is 

\ = T* - V (9.136) 

{see Chapter 3) where 

r* = {pf{u) - r = Cp)^(u) - [ym{u) - me] (9.137) 

Differentiation of this expression with respect to w, will confirm the above result. Note that 
for low speeds, where momentum depends linearly on velocity, T* = T. 

There is an interesting link with the principle of least action and with Hamilton’s princi- 
ple. A particle moving freely in space with no external forces travels in a straight line. The 
trace of displacement against time is also straight. Figure 9.7 is a plot of kt against time 
where is a factor with the dimensions of speed. The length of the line between times and 
t 2 , sometimes called a worldline, is 

h 

5 = / -/(d?^ + k^dt^) 

Let us now define S = ms and seek to minimize this fimetion. Thus we set the variation of 
S equal to zero, 

h 

55 = 5 / m^ds^ + kW) = 0 




Fig. 9.7 
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= 6 f mV(u^ 

h 



+ = 0 



= 5/ 



mudu 

"5 ! 2 \ 



/] /(m + ^ ) 



= 0 



If we now let X - -c then 



(9.138) 



55 = /' ^ , = 0 (9.139) 

^1 jc/(l — u‘/c^) 

which, from equation (9.105), reduces to 

55 = (p8M)dt = 0 (9.140) 

/) 

So, summing for a group of particles and using equation (9.134) we obtain 
1 

55 = J-/ 5r* = 0 
ic /, 

or simply 

h 

5/r» = 0 (9.141) 

h 

This suggests that Hamilton’s principle should read 

h 

5/(7^ - JO = 0 (9.142) 

^1 

Again the potential energy, V, poses difficulties for long-range forces. 

The above is not a rigorous proof of the relativistic Lagrange equations or Hamilton’s 
principle but an attempt to show that there is a steady transition from classical mechanics to 
relativistic mechanics. The link is so strong that many authors regard special relativity as 
being legitimately described as classical. 



9.12 Conclusion 

In this chapter we started with the statement that the laws of physics take the same form in 
all inertial frames of reference and in particular that the sp>eed of light shall be invariant. 
From this we developed the Lorentz transformation and introduced the concept of the four- 
vector. This results in space and time being inextricably fused into a space-time continuiun 
where simultaneity was also relative. 

We then proceeded to develop the four-vector equivalents to the classical velocity and 
momentum three-vectors. This led us to the first remarkable result that conservation of four- 
momentum encompassed the conservation of energy. The second remarkable result is the 
equivalence of mass and energy. 

The development has been purely mathematical without attempting to ‘explain’ the appar- 
ent inconsistencies which arise. It is sufficient to state that during most of the twentieth 
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century many experiments have been carried out to test the validity of the predictions and 
so far no flaw has been detected. The literature abounds with simplifications and pictorial 
representations of the paradoxes but the reader should beware of attempts to put this topic 
in a popular science guise. Some are very helpful but others can be misleading. 

We have used the position four-vector in the form 

(E) = (ct X y 

but some put time as the last factor, with and without the c. 

The product of (£) and its conjugate has here been defined to be 

(E)\E) = (ctf - 
Others define it as 

(£)"(£) = - (ctf 

which is equivalent to replacing the metric matrix [q] by its negative. 

In texts where the subject is studied in more depth indicial notation is commonly used, in 
which case the terms covariant and contravariant are used where we have used a standard 
vector form and its conjugate. 

A further variation is to write (E) as 

(£) = (jcr X V z) 

The use of j = ■/- 1 means that there is no need for the metric matrix and this simplifies 
some equations. 

There is no clear winner in the choice of form for (£); it is very much a matter of per- 
sonal preference. 

To conclude this chapter mention should be made of the general theory of relativity. This 
is far more complex than the special theory and was the real crowning glory of Einstein’s 
work. 

The essence of the general theory is known as the principle of equivalence. One form of 
the theory is 

In a small freely falling laboratory the laws of physics are the same as for an inertial 

frame. 

The implication is that locally the effects in a gravitational field of strength -g are the 
same as those in a frame with an acceleration of g. Thus inertia force, which we hitherto 
regarded as a fictitious force, is now indistinguishable from a gravitational force. The force 
of gravity can hence be removed by the proper choice of the frame of reference. The 
ramifications of this theory are complex and have little bearing on present-day calculations 
in engineering dynamics. However, some study of the subject as presented in the Bibliogra- 
phy will be rewarding. 

One interesting example of the consequences of the principle of equivalence can be found 
by considering a frame which has a uniform acceleration g. In classical mechanics the path 
of particles will be parabolic as seen from the accelerating frame and, on a local scale, 
would be indistinguishable from paths produced in a frame within a gravitational field of 
strength — g. It is now proposed that light will be similarly affected. 

In Fig. 9.8 sketches of paths in space are shown for a frame which is accelerating in the 
y direction and in which particles are being projected in the x direction with increasing 
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initial velocities. These paths will be dilferent. If we now plot a graph of 7 against time then 
only one curve is produced irrespective of the initial velocity in the x direction. For small 
changes 'my the curvature will be dy/dt^ = —g. This is assumed to be true for any speed, 
even that of light. Plots of;c against time are straight lines with different slopes but the same 
curvature, in this case zero. This is a crude introduction to the notion of curvature in 
space-time. 




(b) 




Fig. 9.8 (a) and (b) 




Problems 



1. A small Earth satellite is modelled as a thin spherical shell of mass 20 kg and I m in 
diameter. It is directionally stabilized by a gyro consisting of a thin 4 kg solid disc 
200 mm in diameter and mounted on an axle of negligible mass whose frictionless bear- 
ings are located on a diameter of the shell. 

The shell is initially not rotating while the gyro is rotating at 3600rev/min. The satel- 
lite is then struck by a small particle which imparts an angular velocity of 0.004 rad/s 
about an axis perpendicular to the gyro axis. 

Determine the subsequent small perturbation angle of the axis of the gyro and shell. 

Answer: 1 .77 mrad at 0.36 Hz 



2. A particle is dropped down a vertical chimney situated on the equator. What is the accel- 
eration of the particle normal to the vertical axis after it has fallen 23 m? 

Answer: 2.5 mm/s^ 



3. An aircraft is travelling due south along a horizontal path at a constant speed of 
700 km/h when it observes a second aircraft that is travelling at a constant speed in a 
horizontal plane. Tracking equipment on the first aircraft detects the second aircraft and 
records that the separation is 8 km with a bearing of 45° east and an elevation of 60°. 
The rate of change of the bearing is 0.0 5rad/s and that of the elevation is 0.002 rad/s. 
Deduce the absolute speed and bearing of the second aircraft. 

Answer. 483 km/h, 107° east of north 



4. A spacecraft is on a lunar mission. Set up the equations of motion for free motion under 
the influence of the gravitational fields of the Earth and the Moon. Use a co-ordinate 
system centred on the centre of mass of the Earth-Moon system with the x axis directed 
towards the centre of the Moon. The y axis lies in the plane of motion of the Earth, 
Moon and spacecraft. 
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Answer: x= ~F\XJR\ - F 2 X 2 /R 2 + F^/R^ + 2fly 

y= —F^y!R\ — F'^!R 2 + F^/R^ — 2Clx 

where 

F^ ~ Gm^yjR],F2 — G/MMoon^-^2 andi^3 = FPR^ 

R\ = distance of spacecraft from the Earth 
R 2 = distance of spacecraft from the Moon 
^3 = (Jf 2 + 

n = angular velocity at Earth-Moon axis 
G = the universal gravitational constant 

5. A gyroscope wheel is mounted in a cage which is carried by light gimbals. The cage 
consists of three mutually perpendicular hoops so that the moment of inertia of the cage 
has the same value about any axis through its centre. The xyz axes are attached to the 
cage and the wheel axis coincides with the z axis. 

Initially the wheel is spinning at 300 rev/min and the cage is stationary. An impulse 
is applied to the cage which imparts an angular velocity of 0.1 rad/s about the x axis to 
the cage plus wheel. 

Determine the frequency and amplitude of the small oscillation of the z axis. 

The relevant moments of inertia are; 

For the cage 3 kg m^ 

For the wheel about its spin axis (the z axis) 1 .2 kg m^ 

For the wheel about its x ory axis 0.6 kg m^ 

Answer: 16.67 Hz, 0.054° 

6. An object is dropped from the top of a tower height H. Show that, relative to a plumb line, 
the object hits the ground to the east of the line by a distance given approximately by 

o> cos(y) g I 2H 

where co is the angular velocity of the Earth, y is the angle of latitude and g is the appar- 
ent value of the gravitational field strength. 

7. An aircraft has a single gas turbine engine the rotor of which rotates at 10 000 rev/min 
clockwise when viewed from the front. The moment of inertia of the rotor about its spin 
axis is 15 kg m^. The engine is mounted on trunnions which allow it to pitch about an 
axis through the centre of mass. A link is provided between the upper engine casing and 
the fuselage forwards of the truimions in order to prevent relative pitching. The moment 
arm of the force in the link about the centre of mass is 0.5 m. 

Determine the magnitude and sense of the load in the link when the aircraft is mak- 
ing a steady turn to the left at a rate of 3°/s and is banked at 30°. 

Answer: 1424 N, compression 



8. Derive an expression for the torque on the shaft of a two-bladed propeller due to gyro- 
scopic action. Consider the propeller blade to be a thin rod. 
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Answer: 

mr 

Torque = 0 sin(2a) 

2 \ 3 

where 0 is the precession in the plane of rotation and a is the angle of the propeller 
blade measured from the precession axis. 

9. A satellite is launched and attains a velocity of 30 400 km/h relative to the centre of the 
Earth at a distance of 320 km from the surface. It has been guided into a path which is 
parallel to the Earth’s surface at burnout. 

(a) What is the form of the trajectory? 

(b) What is the furthest distance from the Earth’s surface? 

(c) What is the duration of one orbit? 

Answer: elliptic, 3600 km, 130 min 

10. A motor and gear wheel is modelled as two solid wheels, M and Gl, joined by a light 
shaft S 1 . The gear wheel G 1 meshes with another gear wheel G2 which drives a rotor 
R via a light shaft S2. 

The moments of inertia of the wheels M, Gl, G2 and R are 7^, Iq\, Iqi and 7 r respec- 
tively and the torsional stiffnesses of the two shafts are and k^ 2 - 
Derive the equations of motion for the angular motion of the system. 

11. Show that the torsional oscillations of a shaft having a circular cross-section are 
described by the solutions of the wave equation 

G a'e _ 

p dx^ dt^ 

where 0 is the rotation of a cross-section. G, p, x and t have their usual meanings. 

A steel shaft, 20 mm in diameter and 0.5 m long, is fixed at one end. A torque (7) of 
amplitude 50 N m and varying sinusoidally with a frequency of 2 kHz is applied at the 
free end. What is the amplitude of vibration at a distance x from the free end? (G = 
80 GN/m^ and p = 7750 kg/m\) 

Hint: For the steady-state response assume a sinusoidal standing wave solution of the 
form 0 = A'(x)e'“'. 

Answer: 

Tc 

0 = [cos((flx/c) - cot(coZ /c) sin((ar/c)] 

1G(0 

where c = ^(G/p), L = length and I = polar second moment of area. 

12. A mechanical bandpass filter is constructed from a series of blocks, mass m, separated 
by axial springs each of stiffness 5,. Also each mass is connected to a rigid foundation 
by a spring, each having a stiffhess of 52- 

Considering the system as an infinitely long periodic structure show that the disper- 
sion equation is 
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2 2 

CO - — + 4 — sin^(^2) 
m m 

where co is the circular frequency and k is the wavenumber. 

If the passband is 100 Hz to 1000 Hz estimate the maximum speed at which energy 
can propagate and the associated frequency. 

Hint. Assume that the axial displacement 

u„ = (amplitude) e^*"^ ~ 

where « is the block number. 

Answer. 2827 block/s at 323 Hz 



13. Describe the types of waves that can propagate in a semi-infinite homogeneous, isen- 
tropic, linearly elastic solid. Reference should be made to the following points: 

(a) waves in the interior, 

(b) waves on the free surface, and 

(c) reflection and refraction at an interface. 

Sketch the phase velocity/ wavenumber curves for waves in an infinite slender bar of 
constant cross-section. 

14. A long uniform rod, with a cross-sectional area A, has a short collar, mass M, fixed a 
point distant from either end. At one end a compressive pulse is generated which is of 
constant strain magnitude, | Eq |, for a short duration x. 

Sketch the form of the strain pulse transmitted past the collar and pulse reflected from 
the collar. Derive expressions for the maximum tensile and compressive strains. The bar 
is long enough so that waves reflected from the ends arrive after the peak values of 
strain have occurred. 



Answer. 

Maximum transmitted compressive strain = | Eg | (1 - e'^''") 
Maximum reflected tensile strain = | Sq I 

where c - ^(f/p) and p = EAI{Mc^). 



15. A long, straight uniform rod (1) is attached to a short uniform rod (2) of a different 
material. The free end of rod (1) is subjected to a constant axial velocity for a period x. 
Show that the maximum force imparted to rod (1) is 



VZ^ 1 



^2 - \n ■ 
Z2 + Z| / 



where Z = EA/c for each respective bar and n is the number of reflections occurring at 
the interface between the two bars during the time x. 



16. A semi-infinite medium having low impedance (pc) is bounded by a rigid plate form- 
ing the z = 0 plane. The surface is lubricated so that the shear stress between the plate 
and the medium is zero. 
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Show that the dilatational wave is reflected at the surface without the generation of a 
transverse wave. 

Comment on the reflections generated by an incident transverse wave. 

Assume that the potential function for the incident dilatational wave has the form 

0 — J) “ *' * *1 Cos(ar)] 

Note that 



d\ d\ \ 

dz^ dx^ I 



de 

u, = — + — 
dz dx 



and 



Oy, = 2G 



0 

dxdz 



17. An electric motor is connected to the input shaft of a gearbox via an elastic shaft 
with a torsional stiffness of 3 MN m/rad. The gearbox has a 3:1 reduction, the input 
pinion has negligible inertia and the output gear wheels each have a moment of iner- 
tia of 4 kg m^ Each output shaft drives identical rotors of moment of inertia 
40 kg m^ through identical shafts each of torsional stiffiiess 0.5 MN m/rad. 

If one of the rotors is fixed set up the equations of motion for torsional vibration of 
the system using the twist in each shaft as the three generalized co-ordinates. 



Answer. 



■ 102 40 18 ■ 




■e, ■ 




■ 

o 

0 

1 




■ 0, ■ 




■o' 


40 40 0 




02 


+ 10^ 


0 5 0 




02 


= 


0 


. 18 0 6 . 




. 03. 




. 0 0 30 . 




. 03. 




0 

■ ■ 



18. Show that the differential equation for transverse waves in a uniform bar which has a 
constant tensile force T applied is 



d\ 



d\ 



8u 

T r — El 7 = oA r 

dx dx dt 

where u is the lateral displacement, El is the flexural rigidity and p.4 is the mass per unit 
length. Rotary inertia and shear distortion have been neglected. 



19. A uniform long steel rod has a rubber block attached at its left hand end. The block is 
assumed to behave as an ideal massless spring of stiffness s. The end of the rubber block 
is displaced axially such that the displacement rises linearly in time T to an amplitude 
h and reduces linearly to zero in a further interval of T. 

Derive expressions for the strain in the steel bar for the region 0 < (ct — x) < 2cT. 

Answer. 

For 0 < (ct — x) < cT 
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fore/ < (ct - x) < let 
^ 

e = - [-1 + e-'-'C-l + 2 ^'^)] 
cT 

and for 2cT < {ct - x) 

e = ~ -1)] 

cT 

where ji = s!{EA) and z = {ct — x). 

20. Use Hamilton’s principle to derive the equation given in problem 18. 
Derive expressions for phase velocity and group velocity. 



Answer: 



T El 2 

— + —k 
pA pA 

T El 2 

— + 2— A: 

pA pA 



1/2 



21. Two uniform bars of equal square cross-sections (b x b) are welded together to form a 
‘T’. The structure is given a sinusoidal input at the joint in the direction of the vertical 
part of the ‘T’. As a result an axial wave is generated in the vertical part and symmetri- 
cal bending waves are generated in the side arms. 

Assuming the simple wave equation for axial waves and Euler’s equation for bend- 
ing waves obtain an expression for the point impedance at the input point. Point imped- 
ance is defined to be the complex ratio of force/velocity at that point. 



Answer: 

Z= b\ (£p) 



1 + (1 + j) 



bco 



-0 \ 



12 



1/2 



22. Construct the rotation matrix for a rotation of 30° about the OZ axis, followed by a rota- 
tion of 60° about the OX axis, followed by a rotation of 90° about the OY axis. 

23. Determine the transformation matrix, T, for a rotation of a about the OX axis, followed 
by a translation of b along the OZ axis, followed by a rotation of 0 about the OF axis. 

24. A Stanford-type robot is shown in its home position in Fig. P24. The constants are = 
200 mm and = 100 mm. 

The arm is now moved to 0, = 90°, 62 = - 120° and J 3 = 220 mm. 

(a) Draw up the table for 6 „ a„ a„ rf,. 
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(a) 

Stanford Robot 




Fig. P24(a) and (b) 



(b) Calculate the 0^3 matrix. 

(c) Find the co-ordinates for the origin of the {XYT)^ set of axes in terms of 

25. Figure P25 shows a Minimover robot in an extended position with the arm in the 
plane. The co-ordinate system shown satisfies the Denavit— Hartenberg representation. 

(a) With reference to the data sheet given at the end of Chapter 8 complete the table of 
values of 0 , a, a and d for all five joints and links. 



Joint/I ink 


e 


a 


a (mm) 


d (mm) 


1 

2 


0 


-90" 

0 


0 


0 


3 




0 


175 


0 


4 


+20" 




0 


0 


5 


±90" 


0 


0 


100 
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(b) Determine the transformation matrix 3^4. 

(c) If the overall transformation matrix is constructed it is found that three of its ele- 

ments are 

r,4 = -100C.S23S4 + 100C,C23C4 + 175C,(C23 + C 2 ) 

T24 = -1008,82384 + 1008,C23C4 + 1758, (C23 + C^) 

T34 = IOOC2384 + IOO823C4 - 175(823 + S2) 

where C, = cos 0,, 8, = sin 0, and C23 = cos(02 + 03) etc. 

8how that these elements, in general, give the co-ordinates of the origin of the axes 
attached to the end effector. Evaluate these co-ordinates. 

26. Figure P26 shows a robot of the 8tanford type which is moving such that the grip- 
per and arm remain in a horizontal plane. A dynamic model is depicted in the fig- 
ure. /, is the mass moment of inertia of the whole assembly about the Zq axis 
excluding the arm AB. The mass of the arm is represented by two concentrated 
masses m 2 and m^. 

Using Lagrange’s equations, or otherwise, derive general expressions for: 

(a) The torque required from the motor causing the rotation, 0, about the Zq axis. 

(b) The thrust required from the unit producing the extension d. 

(c) During the main part of the movement the co-ordinates 0 and d are controlled so 
that their derivatives are constant, the values being 

d0 dd 

— = 0.4 rad/s — = 0.8 m/s 
dt dt 
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Fig. P26 

At the instant when d = Q.6m evaluate the torque and thrust as defined in (a) and (b). 

Answer: (c) 7. 1 68 N m, 4.096 N 

27. Figure P27 shows an exploded view of a Puma-type robot. The links are numbered and 
a co-ordinate system is given which satisfies the requirements of the Denavit-Tlarten- 
berg representation. Draw up a table for the six links and the corresponding constants 
a, a and d and the variables 6. 

The three non-zero dimensions are p, q and r and the variable angles are s, t, u, v, w 
and 0 . Insert the correct values for all angles. 

Answer: 



Joint/I ink 


a 


d 


a 


6 


1 


0 


0 


-90’ 


90’ 


2 


P 


0 


0 


0 


3 


0 


0 


90’ 


90’ 


4 


0 


<7 


-90’ 


0 


5 


0 


0 


90’ 


0 


6 


0 


r 


0 


0 



28. A car has a mass of 1300 kg and a wheelbase of 2.5 m. The centre of mass for the 
unladen car is 1.2 m behind the front axle. The lateral force coefficient for all four tyres 
is 50 000 N/rad. Determine the static margin. 
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Fig. P27 

The vehicle is then overloaded with a 300 kg load in the boot the centre of mass of the 
load is 0. 1 m behind the rear axle. Determine the new static margin and the critical speed. 

Answer: 1%, —9%, 48 mph 

29. A car has a mass of 1300 kg and a wheelbase of 2.5 m. The centre of mass is midway 
between the axles and the tyre side force coefficient for all tyres is 50 000 N/rad. The 
radius of gyration about a vertical axis through the centre of mass is 1 .6 m. 

The car is travelling along a straight road at 30 mph when it is hit by a sudden gust 
of wind. Working from first principles show that yawing motion decays exponentially. 
Evaluate the time to half the initial amplitude. 

If the weight distribution is 60% on the front axle and all other data are as above what 
is the periodic time for oscillations following a disturbance? 

Answer. 0.20 s, 2.67 s 

30. An aircraft has the following data: 

Structural 

Mass 20 000 kg 

Radius of gyration about the y axis through the centre of mass 8 m 
Wing area 50 m^ 

Wing aspect ratio 8 
Tail arm 9 m 
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Tailplane area lOm^ 

Position of centre of mass behind the aerodynamic centre 1 m 
Aerodynamic 

Gradient of lift coefficient — incidence curve 4.5 
Gradient of the tailplane lift coefficient — incidence curve 3.5 
Gradient of the fuselage pitching moment coefficient — incidence curve 0.5. 
The aircraft is in level flight at 240 m/s at an altitude where the density of the air is 
0.615 kg/m^. 

(a) Calculate the stick-fixed static margin. 

(b) The lift coefficient. 

(c) The tail volume ratio. 

(d) The lift/drag ratio. 

Answer. 0.049,0.22,0.72,10.1 

3 1 . The aircraft described in problem 30 receives a small disturbance which sets up a pitch- 
ing oscillation. Determine the periods of the damped motion. 

Answer: 7.79 s and 167 s 



32. A rocket with payload has a take-off mass of 6000 kg of which 4800 kg is fuel. The fuel 
has a specific impulse of 2900 Ns/kg and the rocket motor thrust is 70.63 kN. The 
rocket is fired vertically from the surface of the Earth and during its flight the aerody- 
namic forces are negligible and gravity is assumed constant. 

Let p = (mass at bum out/initial mass) and R = (thrust of rocket (assumed con- 
stant)/take-off weight). With I = specific impulse obtain expressions for the velocity and 
height at bum out in terms of p, R, I and g. 

For the data given determine the values of velocity and height at bum out. 

Answer: 

V, = 7[ln(l/p) - (1 - p)//?] 

r 1 2 

K = — ln(p) - p + 1 - (1 - p) 

gR 2gR^ 

Vb = 2558 m/s, h^, = 183 km and = 3.58 minutes 
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Vectors, Tensors and Matrices 



Cartesian co-ordinates in three dimensions 

In our study of dynamics we have come across three types of physical quantity. The 
first type is a scalar and requires only a single number for its definition; this is a scalar. 
The second requires three numbers and is a vector. The third form needs nine numbers 
for a complete definition. All three can be considered to be tensors of different rank or 
order. 

A tensor of the zeroth rank is the scalar. A tensor of the first rank is a vector and may be 
written in several ways. A three-dimensional Cartesian vector is 

V= xi + yj + zk (Al.l) 

where i,j and k are the respective unit vectors. 

In matrix form we have 



V= {ijk) 



X 

y 

z 



= (e)\V) 



(A1.2) 



It is common practice to refer to a vector simply by its components (V) where it is under- 
stood that all vectors in an equation are referred to the same basis (e). 

It is convenient to replace (xy z) with (x, X 2 Xj) so that we may write 

V = Xj i from 1 to 3 (A 1.3) 



This tensor is said to be of rank 1 because only one index is needed. 
A dyad is defined by the following expression 



ABC = A{B-C) = E 



(A1.4) 



where AB is the dyad and A, B,C and E are vectors. In three dimensions a dyad may be 
written 



A, 




■ 1 


Ai 




j 


. At, , 




. k 



D= AB = ie)\A){B)\e) = {ijk) 



(A1.5) 
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or 

A^B\ A^Bi A]B^ 

D = (ef A^, A,B, A^, (e) (A1.6) 

^ AyBf A}B2 A}B} _ 

The square matrix is the matrix representation of the dyad and can be written 

D, = A^^ (A1.7) 

Thus the dyad is a tensor of rank 2 as it requires two indices to define its elements. The sum 
of two or more dyads is termed a dyadic. 

The majority of rank 2 tensors encountered in physics are either symmetric or anti- 
symmetric. For a symmetric tensor Z)y = and thus there are only six independent ele- 
ments. For an anti-symmetric tensor, Dy = -Z)^, and, because this implies that = 0, there 
are only three independent elements; this is similar to a vector. 

The process of outer multiplication of two tensors is defined typically by 

~ (^ijkhn (A 1.8) 

where C is a tensor of rank 5. 

If both tensors A and B are of rank 2 then the element 

Cijkt ~ AjjBjj (A 1.9) 

Thus, if the indices range from 1 to 3 then C will have 3"* elements. 

We now make j - k and sum over all values of j (or k) to obtain 

C, = ^^A,jB^, (Al.lO) 

Further, we could omit the summation sign if it is assumed that summation is over the 
repeated index. This is known as Einstein’s summation convention. Thus in compact form 

C, = A^jBj, (Al.ll) 

The process of making two suffices the same is known as contraction, and outer multi- 
plication followed by a contraction is called inner multiplication. 

In the case of two rank 2 tensors the process is identical to that of matrix multiplication 
of two square matrices. 

If we consider two tensors of the first rank (vectors) then outer multiplication is 

Q = Afij (A1.12) 

and these can be thought of as the components of a square matrix. In matrix notation, 

[Q={A)(By (A1.13) 

If we now perform a contraction 

C = AB^ = (^AB,) (A1.14) 

we have irmer multiplication, which in matrix notation is 
C = (A)\B) 

and this is the scalar product. 



(A1.15) 
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Alternatively, because (e) • (e)^ = [I], the identity matrix, we may write 

C^AB = {A)\eHe)\B) = {A)\B) (A1.16) 

The vector product of two vectors is written 

C = ^ X 5 (A1.17) 

and is defined as 

C = sin a ^ (A1.18) 

where a is the smallest angle between A and B and e is a unit vector normal to both A and 
5 in a sense given by the right hand rule. In matrix notation it can be demonstrated that 

C = {~A^2 ^ 2 ^ 3 ) i 

+ {AyB^ - A^Bi)j 

+ {—A2B^ + A^B^ k 

or 

r 0 —Ay A 2 ir 5, 1 



C = (ef(C) = iijk) Aj 0 -A, B2 (AI.19) 

, ~^2 ^1 0 ■ . . 

The square matrix, in this book, is denoted by [Af so that equation (A1 . 19) may be written 
C= (e)V]’‘(5) (A1.20) 

or, since (e)-(e)^ = [1], the unit matrix, 

C = (e)"[A]»-(e)"(5) 

= A*-e (A 1 . 21 ) 

where A* = (e)^[^]’‘(e) is a tensor operator of rank 2. 

In tensor notation it can be shown that the vector product is given by 

C, = e,,AjB, (A1.22) 

where e ,y* is the alternating tensor, defined as 

8y* = +1 if ijk is a cyclic permutation of (1 2 3) 

= - 1 if ijk is an anti-cyclic permutation of (1 2 3) (A 1.23) 

= 0 otherwise 

Equation (A 1.22) may be written 

q = (Ey*4)5* (A1.24) 

Now let us define the tensor 

= e,,Aj (A1.25) 



If we change the order of i and k then, because of the definition of the alternating tensor, 
= -Tiu', therefore T is anti -symmetric. 
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The elements are then 

T \2 ~ £||2^| + £122^2 ^132^3 ~ ~^3 ~ ~^21 

^13 “ ^ 113^1 ^ 123^2 ^ 133^3 “ "*'^2 ~ '"^31 

^23 “ ^ 213^1 ^ 223^2 ^ 233^3 1 ^32 

and the diagonal terms are all zero. These three equations may be written in matrix form as 



7’,* = 



■ 0 


-A. 


+^3 


0 




+A 



0 -A, 



0 



(A 1.26) 



which is the expected result. 

In summary the vector product of two vectors A and B may be written 



C = A 


X B, 


(e)\Q 


= (ef[A]\e)ie)\B) 


or 




(Q = 


[A]\B) 


and 





C, = QinAjB), (summing over y and 
= (summing over k) 



Transformation of co-ordinates 

We shall consider the transformation of three-dimensional Cartesian co-ordinates due to a 
rotation of the axes about the origin. In fact, mathematical texts define tensors by the way 
in which they transform. For example, a second-order tensor A is defined as a multi-direc- 
tional quantity which transforms from one set of co-ordinate axes to another according to 
the rule 



The original set of coordinates will be designated x,, Xj, Xj and the associated unit vectors 
will be e,, Cj, e^. In these terms a position vector V will be 

y = X,^1 + X2^2 ^3^3 = (A1.27) 

Using a primed set of coordinates the same vector will be 

V = x',e'i + X 2«2 + Xjgj = x',d, (A 1.28) 

The primed unit vectors are related to the original unit vectors by 

e\ = lc\ + mci + ncy (A 1.29) 

where /, m and n are the direction cosines between the primed unit vector in the xJ direction 
and those in the original set. We shall now adopt the following notation 
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e[ = anCx + a, 2^2 + «i3«3 

= ay€j (A1.30) 

with similar expressions for the other two unit vectors. Using the summation convention, 
e'i = (A1.31) 

In matrix form 







'a,, 


On 


0|3 






^21 




^23 


■ 




. 


«32 


^33 



1 


r p 1 




«2 


■ 





and the inverse transform, b,,, is such that 



(A1.32) 




(A1.33) 



It is seen that is the direction cosine of the angle between e[ and whilst 63 , is the direc- 
tion cosine of the angle between and e[', thus 0,3 = 631 . Therefore is the transpose of a^, 
that is by = Oy . ^ 

The transformation tensor Oy is such that its inverse is its transpose, in matrix form [A][A] 
= [1]. Such a transformation is said to be orthogonal. 

Now 



V = epc, = djX!j 

so premultiplying both sides by ej gives 


(A 1.34) 


< • epci = x'j 

or 


(A1.35) 


Xj — QjjXj 

It should be noted that 

x; = ayXj 


(A1.36) 


is equivalent to the previous equation as only the arrangement of indices 
In matrix notation 


is significant. 


(V) = (ef(x) = (ef(x') 
but (e') = [d]{e), and therefore 
(ef(x) = (efiafix') 
Premultiplying each side by (e) gives 
(X) = [a]\x’) 
and inverting we obtain 


(A 1.37) 


(x') = [a](x) 

The square of the magnitude of a vector is 


(A 1.3 8 ) 
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= (x)\x) = ix’)\x') 

= WWMW (A1.39) 

and because (x) is arbitrary it follows that 

[af[a] = [I] = [b][a] (A1.40) 

where 

[b] = [af = [a]-' 

In tensor notation this equation is 

byQj, = Qj^aj, = (A 1.41) 

where 5,, is the Kronecker delta defined to be 1 when i = / and 0 otherwise. 

Because - aj,aji, equation (A 1.41) yields six relationships between the nine ele- 

ments Oy, and this implies that only three independent constants are required to define the 
transformation. These three constants are not arbitrary if they are to relate to proper rota- 
tions; for example, they must all lie between - 1 and +1. Another condition which has to be 
met is that the triple scalar product of the unit vectors must be unity as this represents the 
volume of a unit cube. So 

^1 • (^2 X ^i) = • («2 X ^ 3 ) = 1 (A1.42) 

since 



e[ = a, 1^1 + ^ 12^2 ^13^3 6 tc. 

We can use the well-known determinant form for the triple product and write 





fll2 


«13 


^21 


«22 


^23 


^31 


^32 


^33 



(A 1.43) 



Det [a] = 1 

The above argument only holds if the original set of axes and the transformed set are both 
right handed (or both left handed). If the handedness is changed by, for example, the direc- 
tion of the z' axis being reversed then the bottom row of the determinant would all be of 
opposite sign, so the value of the determinant would be - 1 . It is interesting to note that no 
way of formally defining a left- or right-handed system has been devised; it is only the dif- 
ference that is recognized. 

In general vectors which require the use of the right hand rule to define their sense trans- 
form differently when changing from right- to left-handed systems. Such vectors are called 
axial vectors or pseudo vectors in contrast to polar vectors. 

Examples of polar vectors are position, displacement, velocity, acceleration and force. 
Examples of axial vectors are angular velocity and moment of force. It can be demonstrated 
that the vector product of a polar vector and an axial vector is a polar vector. Another inter- 
esting point is that the vector of a 3 x 3 anti-symmetric tensor is an axial vector. This point 
does not affect any of the arguments in this book because we are always dealing with right- 
handed systems and pure rotation does not change the handedness of the axes. However, if 
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the reader wishes to delve deeper into relativistic mechanics this distinction is of some 
importance. 



Diagonalization of a second-order tensor 



We shall consider a 3 x 3 second-order symmetric Cartesian tensor which may represent 
moment of inertia, stress or strain. Let this tensor be T = Ty and the matrix of its elements 
be [7]. The transformation tensor is ^4 = Aj^ and its matrix is [A]. The transformed tensor 
is 

in = [Af[T\[A] (A1.44) 

Let us now assume that the transformed matrix is diagonal so 



[r] 



■ X, 0 O' 
0 X: 0 

0 0 X3 



If this dyad acts on a vector (C) the result is 



(A 1.45) 



c; = x,c, 

Q = X 2 C 2 (A 1.46) 

C3' = X3C3 



Thus if the vector is wholly in the x' direction the vector Tx' would still be in the x' direc- 
tion, but multiplied by 

Therefore the vectors C,'i', Cj'y' and C^'k' form a unique set of orthogonal axes which 
are known as the principal axes. From the point of view of the original set of axes if a vec- 
tor lies along any one of the principal axes then its direction will remain unaltered. Such a 
vector is called an eigenvector. In symbol form 

T,jCj = XC, (A1.47) 

or 

[7](Q = X(C) (A1.48) 



Rearranging equation (A 1.48) gives 
{[7] - X[1]}(Q = (0) 
where [1] is the unit matrix. In detail 



■ (T’l, - 


^12 


Tu ■ 




• c, ■ 




■ 0 * 




T’2> 


(T22 - 


T 2 , 




Q 


= 


0 


(A 1.49) 


T’ 3 , 

■ 


Tn 


(T 22 - X) 

■ 




C3 

■ 1 




0 

■ ■ 





This expands to three homogeneous equations which have the trivial solution of (C) = (0). 
The theory of linear equations states that for a non-trivial solution the determinant of the 
square matrix has to be zero. That is. 
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■ (r„ - X) r,, r,3 ■ 

T’21 (T'22 - X) r^3 

^3, T32 (l33 - X) 



0 



(ALSO) 



This leads to a cubic in X thus yielding the three roots which are known as the eigenvalues. 
Associated with each eigenvalue is an eigenvector, all of which can be shown to be mutually 
orthogonal. The eigenvectors only define a direction because their magnitudes are arbitrary. 

Let us consider a special case for which T\i =l 2 \ =0 and r,3 = = 0. In this case for 

a vector (Q = (1 0 0)^ the product [7](C) yields a vector (Tn 0 0)^, which is in the same 
direction as (Q. Therefore the x, direction is a principal axis and the Xj, x^ plane is a plane 
of symmetry. Equation (A 1.50) now becomes 



(^n - X)[(r ,2 - Xxr - X) - Tl,] = 0 



(A1.51) 



In general a symmetric tensor when referred to its principal co-ordinates takes the form 



[T] 



X, 0 0 ‘ 

0 Xj 0 
0 0 X3 



and when it operates on an arbitrary vector (C) the result is 



(A1.52) 



[T]{Q = 



x,c, ■ 

X2C, 



L j 



(A1.53) 



Let us now consider the case of degeneracy with X3 = Xj. It is easily seen that if (C) lies in 
the xpCi plane, that is (C) = (0 Cj C3)^, then 



[r](Q = X, 



■0 ■ 

^2 

C3 



(A1.54) 



from which we see that the vector remains in the xpc^ plane and is in the same direction. This 
also implies that the directions of the Xj and X3 axes can lie anywhere in the plane normal to 
the X| axis. This would be true if the x, axis is an axis of symmetry. 

If the eigenvalues are triply degenerate, that is they are all equal, then any arbitrary vec- 
tor will have its direction unaltered, from which it follows that all axes are principal axes. 

The orthogonality of the eigenvectors is readily proved by reference to equation (A 1.48). 
Each eigenvector will satisfy this equation with the appropriate eigenvalue thus 



[TKO, = X,(Q, 



(A1.55) 



and 



[T](Q2 = XXQ2 (AI.56) 

We premultiply equation (A1 .55) by (C) J and equation (A1 .56) by (C) ] to obtain the scalars 
(Qj[n(Qi = X,(Qj(Q, (AI.57) 
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(C)^[r](C)j = X2(QJ(Q2 (A1.58) 

Transposing both sides of the last equation, remembering that [T] is symmetrical, gives 

(Qj[r](Q, = l2(Ql(Qi (AI.59) 

and subtracting equation (A1.59) from (A1.57) gives 

0 = (X, - X2)(QI(Q, (A1.60) 

so when X, * Xj we have that (C) J(Q, = 0; that is, the vectors are orthogonal. 
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ANALYTICAL DYNAMICS 



Introduction 

The term analytical dynamics is usually confined to the discussion of systems of particles 
moving under the action of ideal workless constraints. The most important methods are 
Lagrange’s equations which are dealt with in Chapter 2 and Hamilton’s principle which was 
discussed in Chapter 3. Both methods start by formulating the kinetic and potential energies 
of the system. In the Lagrange method the Lagrangian (kinetic energy less the potential 
energy) is operated on directly to produce a set of second-order differential equations of 
motion. Hamilton’s principle seeks to find a stationary value of a time integral of the 
Lagrangian. Either method can be used to generate the other and both may be derived from 
the principle of virtual work and D’Alembert’s principle. 

Virtual work and D’Alembert’s principle are regarded as the fundamentals of analytical 
dynamics but there are many variations on this theme, two of which we have just men- 
tioned. The main attraction of these two methods is that the Lagrangian is a function of 
position, velocity and time and does not involve acceleration. Another feature is that in 
certain circumstances (cyclic or ignorable co-ordinates) integrals of the equations are read- 
ily deduced. For some constrained systems, particularly those with non-holonomic con- 
straints, the solution requires the use of Lagrange multipliers which may require some 
manipulation. In this case other methods may be advantageous. Even if this is not the case 
the methods are of interest in their own right and help to develop a deeper understanding 
of dynamics. 



Constraints and virtual work 

Constraints are usually expressed as some form of kinematic relationship between co-ordi- 
nates and time. In the case of holonomic constraints the equations are of the form 

= 0 (A2.1) 

\ ^ i m and 1 ^ J ^ r. 

For non-holonomic constraints where the relationships between the differentials cannot 
be integrated we have 

+ Cydt = 0 



(A2.2) 
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Differentiating equation (A2.1) we obtain 






^fj 

dt 



dr = 0 



(A2.3) 



which has the same form as equation (A2.2). 

In the above equations we have assumed that there are m generalized co-ordinates and r 
equations of constraint. We have made use of the summation convention. 

For constraint equations of the form of (A2.1) it is theoretically possible to reduce the 
number of co-ordinates required to specify the system from am to n = m ~r, where n is the 
number of degrees of freedom of the system. 

Dividing equation (A2.2) through by dr gives 

^ji4i + Cj = 0 (A2A) 

and this may be differentiated with respect to time to give 
+ 4 - 9 / + Cj = 0 



or 



Ojidi = 4 (A2.5) 

where bj = —(dj/qj + Cj). Note that a, d, b and c may, in general, all be functions of q, q 
and r. 

By definition a virtual displacement is any possible displacement which satisfies the con- 
straints at a given instant of time (i.e. time is held fixed). Therefore from equation (A2.3) a 
virtual displacement 5^, will be any vector such that 

a,fiq, = 0 (A2.6) 

There is no reason why we should not replace the virtual displacements 6^, by virtual 
velocities v, provided that the velocities are consistent with the constraints. The principle of 
virtual work can then be called the principle of virtual velocities or even virtual power. 

D’Alembert argued that the motion due to the impressed forces, less the motion which the 
masses would have acquired had they been free, would be produced by a set of forces which 
are in equilibrium. Motion here is taken to be momentum but the argument is equally valid 
if we use the change of momentum or the mass acceleration vectors. This difference in 
motion is just that due to the forces of constraint so we may say that the constraint forces 
have zero resultant. If we now restrict the constraints to ideal constraints (i.e. frictionless or 
workless) then the virtual work done by the constraint forces will be zero. In mathematical 
terms the sum of the impressed force plus the constraint force gives 

F\ + F] = m/. (A2.7) 

and the impressed force alone gives 

F] = mfii (A2.8) 

Therefore the constraint force is 

F] = - ai) (A2.9) 

Now the principle of virtual work states that 
= 0 



(A2.10) 
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or 



- a,)-5r, = 0 (A2.11) 

or 

- F‘)-5r,. = 0 (A2.12) 



Gauss's principle 

A very interesting principle, also known as the principle of least constraint, was introduced 
by Gauss in 1829. Gauss himself stated that there is no new principle in the (classical) sci- 
ence of equilibrium or motion which cannot be deduced from the principle of virmal veloc- 
ities and D’Alembert’s principle. However, he considered that his principle allowed the laws 
of nature to be seen from a different and advantageous point of view. 

Referring to Fig. A2.1 we see that point a is the position of particle i having mass m, and 
velocity v,. Point c is the position of the particle at a time At later. Point b is the position that 
the particle would have achieved under the action of the impressed forces only. Gauss 
asserted that the function 

G = ^rn^bc] (A2.13) 

will always be a minimum. 

For the small time interval At we can write 



1 2 F' 

ab. = vAt + — At — !- 
' ' 2 rn. 



and 



ap = v,A/ + -^AtH^ + ^ 

‘ ' 2 \ "J, m, 



Therefore 



U* - "I - 1 A ,2 

bci - ac, - ab, - — At — 



(A2.14) 



(A2.15) 



(A2.16) 




Fig. A2.1 
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so that 

/w,5c, a F] (A2.17) 

Now let Y be another point on the path so it is clear that ^ is a possible displacement con- 
sistent with the constraints. The new Gaussian function will be 

(G + AG) = ^ntiibCi + ry/ (A2.18) 

= ^niibc] + + l^mibcrni (A2.19) 

Because mbc is proportional to the force of constraint and ry is a virtual displacement the 
principle of virtual work dictates that the third term on the right will be zero. The first term 
on the right is simply G so we have that 

AG = S3 0 (A2.20) 

Therefore Gauss concluded that, since the sum cannot be negative, then (G + AG) ^ G, so 
that G must always be a minimum. 

The Gaussian could also be written in the form 

G = - a,)' (A2.21) 

from which it is apparent that the true set of constraint vectors or the true set of acceleration 
vectors are those which minimize G. 

It must be emphasized that the constraint forces are workless and as such act in a direc- 
tion which is normal to the true path. 



Gibbs-Appell equations 

The Gibbs-Appell formulation is also based on acceleration and starts with the definition of 
the Gibbs function S for a system of n particles. This is 

S = S y (A2.22) 

Clearly 

# = = F, (A2.23) 

OX/ 

If the displacements are expressible in terms of m generalized co-ordinates in the form 
Xi = Xi{q^ . . . q„t) (A2.24) 

then, as in the treatment of Lagrange’s equations, 

dx^ = ^dqj + ^dt (A2.25) 

' dqj dt 



and 
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We shall consider the differentials of the generalized co-ordinates to be the sum of two 
groups; the first group d^, (/ from 1 to m—r), and the second group dyj {j from m—r+\ to 
m). The difference between the two groups is that 6q can be integrated to give q whereas dy 
cannot be integrated. The velocities are expressed as <ji and yj. The latter group is formed 
from quasi-velocities, so called because they satisfy the constraints but are not necessarily 
associated with any identifiable displacement. Quasi-velocities can be chosen in much the 
same way as generalized co-ordinates are chosen, that is they must satisfy the constraints. 
The number of quasi-velocities must be no smaller than the number of non-holonomic con- 
straint equations but all velocities can be considered to be quasi and it is common practice 
to do so. 

The quasi-velocities can be expressed in terms of the generalized velocities as 



ii = ^ij4j + gi (A2.27) 

and for linear equations inversion gives 

4i = ^ijij + (A2.28) 

Substituting this expression in equation (A2.5) leads to a constraint equation of the form 
A,.y, + 5, = 0 (A2.29) 

and differentiating with respect to time gives 

A4 + (A,i + 4) = 0 (A2.30) 

Now fi*om equation (A2.28) we have 

d^, = Vy&^j + A, dr (A2.31) 

Therefore a virtual displacement, for which time is held constant, is 

6g, = v,y5Yy (A2.32) 

Similarly the constraint equation (A2.6) for virtual displacements becomes 

Ay5y, = 0 (A2.33) 



If the Gibbs function is expressed in terms of the generalized co-ordinates then the usual 
generalized force Q is 



0 , 




(A2.34) 



The total virtual work done by the generalized forces is 

bW = Q,bq, = Qivyby) = Tjbyj (A2.35) 

where F is the quasi-generalized force and is related to the usual generalized force by 

i; = 0,v, (A2.36) 



Other methods 

A further development has been proposed which is also based on acceleration. One form of 
Gauss’s principle, equation (A2.21), gives 

G = - af 



(A2.37) 
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so that 



(G + AG) = w,(r, - a, + 5r,)^ (A2.38) 

Thus 

AG = + 2w,(r,. - a,)-5r, (A2.39) 

Now from the constraint equation (A2.5) and changing to upper case to avoid confusion 
with other terms 

Ai/i = (A2.40) 

so if 5r, satisfies the constraints then 

Ayin + m = 5, (A2.4I) 

from which it follows that 

A^j^ri = 0 (A2.42) 

Since any set of values for 8r, which satisfy the constraints may be used it follows that in 
equation (A2.39) 

m,(r, - u,)-6r, = 0 (A2.43) 

The new method is expressed by a ‘fundamental equation’ which in matrix form is 
(r) = (a) + [MV'^{[A][MV'Ym - [A]{a)} {AIM) 



where the superscript + signifies the pseudo-inverse or Moore-Penrose inverse; (r) is the actual 
column vector of accelerations and (a) is the column vector of the unconstrained system. 

The pseudo-inverse of any matrix [A], square or non-square, is such that it satisfies the 
following conditions 

[A][AX[A] = [A] 

[AnA][Ar = [AT 

and and [.^]^[^] are both symmetric. 

We now write equations (A2.43), (A2.40) and (A2.42) in matrix form. Thus 

(5r)"[M]{(r) - (a)} = 0 (A2.45) 

[A](r) = (B) (A2.46) 



[^](5r) = (0) 



(A2.47) 



It is known that {[A^[F]}^ = and the pseudo-inverse of a column matrix (y) is 

easily shown to be 

M* = 

(y) (y) 

Therefore inverting equation (A2.47) gives 

= (0) (A2.49) 

In order to show that the ‘fundamental equation’ satisfies both the constraint equation and 
the principle of virtual work it is convenient to express the acceleration vectors in a 
weighted form. The following definitions will be used 
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(f) = [Mr-ir) (A2.50) 

(a) = [M]''\a) (A2.51) 

[A] = [A][Mr'^ (A2.52) 

Premultiplying equation (A2.45) by and using the above weighted terms we arrive 
at 

it) = (a) + [4f{(5) - [A]{a)} (A2.53) 

We shall now demonstrate that this equation satisfies the constraint equation. Equation 
(A2.46) can be written as 

[A][MV'\Mf\f) =(5) 
or 



[A]{r) = (B) (A2.54) 

Thus substitution into (A2.53) followed by a slight rearrangement gives 

{(r) - (a)} = [AYUm - [A](a)} (A2.55) 

Premultiplying both sides by [A] leads to 

W]{(r) - (a)} = U]WrW]{(r) - (a)} (A2.56) 

The pseudo-inverse is defined such that 

[A][AY[A] = [A] (A2.57) 



Therefore the constraint equation is satisfied. 

To show that the principle of virtual work is satisfied we premultiply equation (A2.55) by 
(8f ) and rearrange it to give 

(5rf{(r) - (a)} = (5r)"[4r{(5) - [4]{a)} (A2.58) 



The left hand side is zero because of equation (A2.45) and the right hand side is zero 
because of equation (A2.49). Thus the equality is proved 
The ‘fundamental equation’ therefore satisfies the constraints and basic equations of ana- 
lytical dynamics. Any advantage that this method may have is that the constraint equation 
is not affected by whether the constraints are holonomic or not. The disadvantage is that the 
unconstrained accelerations have first to be determined. For systems involving only parti- 
cles, such that the mass matrix is diagonal, the unconstrained accelerations are readily found 
and some advantage may be obtained. 
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Curvilinear co-ordinate systems 



In the chapter dealing with continuous media all the equations were presented using Carte- 
sian co-ordinates, but in many instances it is advantageous to use curvilinear co-ordinates 
such as cylindrical or spherical. We shall develop a general approach and then apply it to the 
two systems mentioned above. 

In Cartesian co-ordinates the differential vector operator (equation (7.4)) is 
V = (i j k)(d/dx B/dy dISzf 

= (e/m 

Equation (7.12) defines rotation 
ft = j(ef(V)’‘(u) = j VXu 

= — curl u 
2 

Equation (7.32) defines dilatation 
A = (V)\u) = Vu 
= divergence u 

The equations of motion can be written as a single vector equation 

p— = (^ + 2p)gradA - 2p curl ft (A3.1) 

a/ 

or 

= (X + 2p)VA - 2pVxn 
dC 

Premultiplying both sides by V, that is taking the divergence of both sides, gives 
p^ = (X 2p)V^A 
since VVxil = 0 
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Premultiplying both sides by Vx, that is taking the curl of both sides, yields 
= -2pVX(Vxi2) 

= -2p[(V-a) - (V-V)ft] 



butVll = V(Vx«)/2 = 0 and therefore 



P 



d"£i 

dt^ 






Curvilinear co-ordinates 



Curvilinear co-ordinates will be described by the magnitudes q 2 ^d q^ with the corre- 

sponding unit vectors e,, Ci and A small change in the position vector is 



dr = e^h^dq^ + ^^2d^2 + ^3^3d^3 
= {e)\h]{dq) 

= eihidq^ (A3. 2) 



where 



[h] 



'h, 0 o' 

0 /»2 0 

0 0 Aj 



The scale factors, [h], are defined so that A,d^, is the elemental length. For Cartesian co-ordi- 
nates the scale factors are each xmity. 

From Fig. A3.1 we see that the areas of the faces of the elemental volume are 



d/ 4 , = /i2d^2^3d^3 etc. 



so 



(cL4) = {dq2dq^h2hi dq^dq^h^h^ d^,d92*i^2/ 



(A 3 . 3 ) 




Fig. A 3.1 
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The volume is 

dV = dq\dq2dq^h\h2h^ (A3. 4) 



Divergence 

The divergence of a vector function F can be found by use of the divergence theorem 

f (divF)dF = f F dA (A3.5) 

Jvol Jsuhace 

The integral on the right hand side is known as the flux through the surface. If the vec- 
tor represents the velocity of a fluid then the flux would be the volumetric flow rate of 
fluid leaving the volume enclosed by the surface. If we now make the volume tend to 
zero 



divF = lim 



V-vO 



i/. 



FdA 

surface 



For the elemental volume shown in Fig. A3. 2 



divF = 



1 

W 



I d(F,A,).\ 



hAhiXdqi dq2 dq^ 



(A3. 6) 



(A3.7) 



Curl 

The component in the n direction of the curl of a vector function can be defined by the fol- 
lowing integral, which is known as Stoke’s theorem 

(curlF)-/i = lim (A3. 8) 

^ A„Jy«^e 

The integral is known as the circulation due to its interpretation if the vector F is again the 
velocity of a fluid. 




Fig. A3.2 
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If we take n to be e, then, from Fig. A3. 3, for the elemental area 
- |f 2 + + .^d^jd^jj 






- ^3*3d?3 + K3 + + -^^^2d^3 



aCF^/j^) ^ mh^) 



^^2^93 



Thus, since (L4, = h 2 dq 2 h^dq^ we have 

^ 2^3 \ ^^2 ^93 / 

with similar expressions for the other two components. 



(A3.9) 



(a) 

+ \^M0dq2 








Fig. A 3 J(a) and (b) 
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Gradient 



The gradient of a scalar function /is defined so that its component in any given direction, /i, 
is the directional derivative in that direction so 



grad(/)-ii = 

where s is the distance along the curve parallel to n. Now 

dr = /lid^iCi + 

so if we choose « = e. 



Af 

(grad(/)) e, = lim -r— = lim 



A/ ^ _I_^ 
hAq\ h\ ^1 



(A3. 10) 



Thus 







8^2 ^3 ^?3 



«3 



(A3. 11) 



Cylindrical co-ordinates 

From Fig. A3. 4 we have 
r = + zA 

Therefore 

dr = drej. + rde^ + dzA: 
but dc,. = d0 e^, so 

dr = 1 dr ^ + r d0 cb 1 dzA 

Thus 

A) = 1 ^2 = r and Aj = 1 




Fig. A3.4 Cylindrical co-ordinates 
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Spherical co-ordinates 

Figure A3. 5(a) shows one definition of the spherical co-ordinates 
r = re, 
and 

dr = dr ^ + r d^ 
but 

d^ = r cose d0 + r de 
so 

dr = \dre, + r cose d0 Cb + r 

Thus the factors for the co-ordinates r, 0 and e are 
A, = 1 h 2 = rcose and = r 

Figure A3. 5(b) shows an alternative definition which leads to the following expressions 
for the factors for co-ordinates r, 0 and e 
A, = 1 ^2 = r and = rsin0 




Fig. A3.5 Spherical co-ordinates 

Expressions for div, grad and curl in cylindrical and spherical co-ordinates 

Direct substitution of the scale factors into equations (A3.7), (A3.9) and (A3. 11) will gen- 
erate the required vector formulae. 

Let 

[■^1 “ [^1 ^2 ^sldiag 
[A] = [^2^3 /ti/»2]diag 

V = ^,*2^3 



and 
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which are the scale factors which relate to length, area and volume respectively. In these 
terms the general expressions are 

div(F) = V~'(Vf{[Am} 

curl(F) = [A]-'[V]*{[Z:](F)} 

grad(/) = [L]'‘(V)(F) 

where 

(V) = l-i i 

\ dqi dg2 a* / 

For spherical co-ordinates corresponding to Fig. A3.5(a) 

1 d(r^/^ ^ 1 ^ ^ 1 a(cos0 FJ 

dr rcos0 dd rcos0 d0 



11^ - 
r \a0 



5(rFe)' 



dr 






1 



rcos0 



l-K 

\ dQ 



+ COS0 



a(rFe)\ 

dr 



1 



grad (/) = ^ 

dr rcos0 50 






For spherical co-ordinates corresponding to Fig. A3.5(b) 



div (F) - -V — + 
n 



1 



curl (F) = 



dr r sin0 
1 / 5 



5(sin0/^) 

50 



1 






r sin0 50 



-aV4' 

' (^ - sine£(^)^ 

r sin0 \50 0^ / 



^ J_^0(rFe) 
r 






w) 

50 



)< 



,,,, 5/^15/ 1 5/ 

grad (/) = + + — T—rr -3— 

dr r 50 ^ r sin0 50 



In cylindrical co-ordinates 
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div(F) = 



c'^HF) = 1^/; 



dz 



fs ^ 



+ j-^F - —F 
\dz ^ dr ^ 






grade/) = 



- df ^ I Bf 
= —e. + ^ 



r BQ^ Bz^ 



Strain 

In cylindrical co-ordinates 
Bu, 



err = 






Br 



_ 1 3uo _ Bu, 

^00 ■“■ -^/\ ^zz 

r 59 5z 



1 Bu^ BUf. Bu^ ^ Bu, 



Bz 



Br 



^rO 



_ Bu^ 






Br r r BQ 
For spherical co-ordinates corresponding to Fig. A3. 5(b) 
Bu, 1 Bu,, . u, 

err = ^ ^00 = —^ + - 

Br r B9 r 

1 BUr, ^ Ug , ^r 

e«e = — ^ ^ + —cote + — 

r sm0 B 0 r r 



_ I BUg 



7 ae 



if!coie + ' 

r r sin9 B 0 



1 dllr 14^ 

r sinG Be Br r 

_ 5^ _ if2 + 

7 7 



Stress 

For any orthogonal co-ordinate system the stresses in an isotropic linear solid are related to 
the strains by 

<^u = Me,, + ^ + ej + 2pe„ 

= Me// + % + e**) + 
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cJtt = Ueu + ^ 
and 

Ojk = [^ej,, 

CT* = 

where X and jx are the Lame constants. 

In Cartesian co-ordinates / = xj = y and k = z. For cylindrical co-ordinates i = rj = 0 and 
k = z.\n spherical co-ordinates i = r,j = Q and k= 0 . 
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Tides, effect of 74 
Time 2 
Proper 240 
Dilation 240 

Timoshenko Equation - Transverse Waves in 
Beams 159 
Top, Sleeping 79 
Transformation Matrix (4x4) 206 
Twin Paradox 249 
Tycho Brahe 1 

Understeer 124 

Vectors, Axial and Polar 277 
Velocity 6 
angular 58 
Relativistic 246 
Virtual Work 18, 281 

Wave 

Equation 128 
in String 52 
Torsional 263 
Speed 128 
Wavenumber 149 
Waves 

Dilatatational 183 
Equivoluminal 183 
Iriotational 183 
One dimensional 1 25 
Potential functions 1 8 1 
Reflection One Dimensional 265 
Seismic 183 
Shear 183 

Three Dimensional 1 79 
Transverse in Beam with Tension 265 
Work 5 

Yaw 110 




